Solution for 18.112 Mid 1

Problem 1.
Solution:
2P =8 " —= s = 26‘i<%+2§w), 0<n<2,
— z=2orz=V3—iorz=—V3—1i.
Problem 2.
Method 1.
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Method 2. Let f(z) = 1. By (24) on Page 120, we get
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Problem 3.
Solution: 1) [, C42dz =0, since 2 ¢ {z: |2| < 1}

2) f|z|:3 424z = 2mi(e? + 2), since n(7,2) = 1. (Theorem 6 on P119.)



Problem 4.
Solution: Let .
9() = F(2), V2 0,

then g is analytic on C\ {0}, and the singularity at 0 is removable or is pole of order

h.
If the singularity of g at 0 is removable, then liII(l) g(z) exists and is finite, i.e.
lim f(z) exists and is finite. Thus f is bounded on C. Since f is analytic and

bounded in the whole plane, it is a constant.
If 0 is pole of order A, then

g(z) = Bz "+ By 1z M4 4 Bz 4 o(2),

where ¢(z) is analytic on C. Since f is continuous (analytic) at 0, lim g(z) exists
and is finite. Thus lim ¢(z) exists and is finite. So ¢(z) is bounded in the whole

plane, and thus ¢(z) = By is constant. So
1
fz)=9(0) = Bpz" + By 2" -+ Bz + By

is polynomial.

Problem 5.

Method 1. Take
C :|z| = R, where R > 100.
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For any m > n, we have
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Thus ™ (0) = 0 for any m > n. By the Taylor expansion,
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is polynomial.
Method 2. By |f(2)| < |z|™, we know
liIr(l] 2TF(1/2) =0,

i.e. f has a nonessential singularity at co. By last problem, f is polynomial.



