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Instructions

e Do not start until you are told to do so.
e Solve all problems.
e Put your name on the covers of all notebooks you are using.

e Show all work neatly in the blue book, label the problem you are
working on.

e Mark the final answers.

e Books and notes are not to be used. Calculators are unnecessary.



Useful Formulae

Newton and Basic Kinematics:

F = p=md for v<c

t'=t
U = U+ dt'a
=0
t'=t =t/ .
ro= 7:)0 + ’Uot + dt/ dt”F(t”)/m
=0 =0
Lagrangian and Hamiltonian:
L(q,q) = T-U; H(p,q)=T+U=pj—L

Euler-Lagrange (without and with constraints):

oL oL 0L dOL o om
Or  dt Oz ’ or dtor "0

Polar Coordinates:

r=rsinfcos¢; y=rsinfsing; z =rcosf
Cylindrical Coordinates:

r=rcos¢p;, y=rsing, z==z

Possibly useful integrals:

% = arctan(z); / 1 ime = arctanh(z)



Problem 1: Variable Length Pendulum (35 points)

Consider a simple pendulum consisting of mass m attached to a string of length L.
After the pendulum is set into motion (at ¢ = 0), the length of the string is lenghtened
at a constant rate

aL
dt

The suspension point remains fixed.

= « = constant

a) How many degrees of freedom does the system have ?

aL

50+ 1s it equal to zero 7

b) Write the Lagrangian for the pendulum. Calculate
c) Write the equations of motion for the pendulum, do not solve. Show that the
equations of motion become the equations of the fixed length pendulum for o = 0

d) Write the Hamiltonian for the system.

e) Calculate the total mechanical energy of the system. Compare to the Hamilto-
nian.

f) The energy of the system is not conserved. What is the rate of change ? Give
physical interpretation of the sources and magnitude of power flowing in or out of the
system.

Problem 2: Particle on a rotating wire (35 points)

A particle of mass m is constrained to move along a straight frictionless wire. The
wire is rotating in a vertical plane at a constant angular velocity {2 as shown in the
Figure 1. The system is in the gravitational field with gravitational acceleration g
pointing downwards. At ¢ = 0 the mass was stationary with respect to the wire and
it was at a distance Ry from the axis of rotation.

a) Write the Lagrangian for a free mass constrained to the vertical plane in gravi-
tational field using polar coordinate system.

b) Write explicitly the constraint equations that force the mass to remain on the
rotating wire.

c) Write equations of motion for all the coordinates introducing Lagrange Multipli-
ers.



Figure 1: Particle on a rotating wire

d) Obtain the expressions for the forces of constraints. Give the physical interpre-
tation of these forces.

e) For sufficiently large 2 the mass will be moving away from the rotation axis for
all wire positions. What is the minimum value of the angular velocity such that this
is guaranteed?

Problem 3: Double Pendulum (30 points)

Consider a system consisting of two masses m; and my and connected with massless,
rigid rods of length L; and Ly (see Figure 2). As the pendulum moves both masses
remain in the vertical plane.

Figure 2: Double Pendulum

a) How many degrees of freedom does the system have?
b) Write the Lagrangian for the system.

c) Write equations of motion for the system. Do not solve.



