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Quiz 2 Practice Problems
SOLUTIONS

State-Space

1. (a) The poles of the system are the eigenvalues of A:

|sI — A| = det [; +13] s(s+3)+2=(s+1)(s+2)

=5 = —2,-1

The poles are in the left half-plane, so the system is stable.
(b) The transfer function matrix is given by the formula G(s) = C[sI — A]"'B + D.

(sT—A) = [3 1]

2 s+3
= |sI— A = s*43s+2
_ 1 s+3 1
I-A™7 = —rn—
= s ] s2+3s+2 [ s}
Hence .
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(c) The state transition matrix is given by ®(¢) = L71(s — A)~L.

From Problem 1(a) above we know that

2 1 1
[sI—A]_lz . 1 [s+3 1]_[@—@ s+1 552}
s?+3s+2] -2 s T tie st

Taking the inverse Laplace Transform:

9e—t _ o2t et _ o2t
‘I)(t) = [_2€—t+26—2t _e—t+2e—2t

(d) To find the step response we use the following formula:

x = ®(1)x(0) + /0 ®(t — 7)Bu(r)dr

Since y = x in this case and u(t) = 0 for ¢t < 0 and u(t) = 1 for ¢ > 0, we have the following:
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2. The controllability matrix is:

00 1
I.=[B AB A’B]=1{0 1 ¢
1 ¢ b+c?

The three columns of I'; are linearly independent for any a, b, and ¢, so the system is controllable
for any a, b, c.

. First find the state-space description of the system:
- 2
C s244s5+5

Define the states z1 = y, x5 = §. So the state equations are:

G(s) < §+4y+ 5y =2u

56.12562

To = —bxry—4x9+ 2u
i [0 1[0,
- |-5 —4 2

For the closed-loop poles to be at s = —3 + 27, the characteristic equation we want is s? + 65+ 13 =

0. The full-state feedback matrix is &' = [k‘l kg]. The closed-loop dynamics are described by

the matrix A — BK' = 0 1 . So the characteristic equation is also given by:
—5—2k; —4— 2k

det(sl — (A — BK') = s% + (4 + 2ka)s + (5 + 2k1) = 0. Equating coefficients, we get:

542k =13 = ki1 =4
442k=6 = k=1

So the feedback control is © = 4z + x3.



Root Locus
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(a) G(s) = 5

s(s+2)(s+5)(s2+4s+13)

number of asymptotes: n —m =5

asymptotes: v = ZHUIE0% _ 4360 41080, 180°

po = 0=2=0=2=2 _ 99

—[v+ 90+ (180 — B) + a 4+ 90] = —180 and using o = 45° and [ = 56° we get v = 191°
The closed-loop characteristic equation is s(s + 2)(s + 5)(s%2 +4s + 13) + K = 0 or s® +

11s* 4 51s% 4+ 13152 4+ 130s + K = 0. Substituting s = jw and K = K., we get jw® +
11w* — 51jw? — 131w? + 130jw + K.t = 0 Breaking into real and imaginary parts:

1lw* — 1310% + Kot
W= 51w 4+ 130w = 0

The second equation gives w = 0, +1.64,£6.95. Plugging back into the first equation gives
Korir = 0,273, —-19337. Since we are interested in the root locus for K > 0, the answer is
Koy = 273.

The corresponding root locus is:

Root Locus
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(b) G(s) = omayrrosss)
e number of asymptotes: n —m =3

asymptotes: o = % = 4+60°, 180°

00 = 0_2_é_1+5 _ %

27 —~v —90 — 117 — 63 = 180 which gives v = —63°

The closed-loop characteristic equation is s(s+2)(s2+2s+5)+ K(s+5) = 0 or s* +4s% +
9s% + (K + 10)s 4+ 5K = 0. Substituting s = jw and K = K .;, we get w* — 45w — 9w? +
(10 + K¢pit)jw + 5K = 0. Breaking into real and imaginary parts:

wh — 9w? + 5K it
—403 4+ (10 + Kgig)w = 0

From the second equation, if we ignore the solution w = 0 (which corresponds to K.+ = 0),



we get w? = i(lO + Kpit). Substituting back into the first equation gives:

1 9
E(lo + Kcrit)Z - Z(lo + Kcrit) +5Keit = 0
1 65
= EKEM + 4K — o = 0

= Kep = 3.83,—67.83

Since we're interested in the root locus for K > 0, the answer is K..;; = 3.83.
e The corresponding root locus is:
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3. First, find the open-loop poles of the plant. The real pole has a time constant of 1/6 seconds, so
that pole is at s = —6. The complex poles are at s = —Cw, £ wpy/1 — (2 =~ —0.06 £ 0.75.

We want w,, = 2.5 rad/sec, ( = 0.5 = closed loop poles at —1.25 £+ 2.17;. Please refer to Fig 1.
jo

2.17j

=4 -0.7]

Figure 1: Pole-Zero Map

Apply the angle condition:
o —25° —129° — 113° = £180°

2.17
a—1.25

Which gives a = 87° and using tana = we get a = 1.36.

Apply the magnitude condition:

r, - B2ROSNEI)
(2.17)

This is the total Root Locus gain of the system, K,; = K, piant * Kq. If K is the standard gain of
the plant, w,, is the undamped natural frequency of the open-loop complex poles, and T is the time
constant of the open-loop real pole, then the root locus gain of the plant is given by Kw?2 /T (you can

check this result by writing out the transfer function of the plant. So Ky pjant = % = 1.176,

and therefore K; = 14/1.176 = 11.9.

The controller is then:
Ge(s) = 11.9(s + 1.36) = 11.9s + 16.2
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