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Lecture D12 - Relative Motion using Translating/Rotating Axes

In the previous lecture, we related the motion experienced by two observers in relative translational motion
with respect to each other. In this lecture, we will extend this relation to our third type of observer. That

is, observers who accelerate and rotate with respect to each other.

As a matter of illustration, let us consider a very simple situation, in which a particle at rest with respect
to the fixed frame xy, i.e. va =0, aq = 0, is observed by an observer, B, who is standing at the center of

a turn table. The table rotates with a constant angular velocity of Q rad/s.

Assuming that the platform only rotates about its center and does not move translationally, the position of
B will not change, and therefore vg = 0 and ag = 0. It is clear that relative to B, A will not be at rest. In
fact, B will see A rotating about B with a constant angular velocity of —¢2. Thus, we can easily calculate the
motion of A as observed by B. Expressing the velocity and acceleration in local polar coordinates (rotating

with z’y’), we will have

(Va/B)ary = (FayB)ary = —Qra/p eo
and ,
(UA/B)z’ ’ 2
(@a/B)ary = (Va/B)ary = —————" €, = —Vryp €, .
TA/B

The notation, ( - )y, is used to indicate the velocity, or acceleration, experienced by an observer that
rotates with the axes x’y’. In other words, the time derivatives are taken assuming that the directions z'y’,
as seen by a rotating observer, do not change. For illustration purposes, we note that v4,p = 74,5 = 0 and
ay/p =04/ = 0. Here, vy/p and a,,p denote the relative velocity and acceleration of A with respect
to B, experienced by a non-rotating observer (this was the situation considered in the last lecture). We

could, in fact, write (v4,B)sy and (aa,p)sy instead of v4,5 and a 4,5, but we will often omit the subscripts



when the axes considered are fixed. Also, we note that r4,p = (ra / B)ay Since this is an instantaneous
measurement and is not related to whether the axes rotate or not.
At this point, it should be clear that the expressions derived in the last lecture, which includes only trans-

lational relative motion, are not applicable when rotating observers are involved.

Note Angular velocity and angular acceleration vectors

In the two dimensional example presented above, we have dealt with the angular velocity as if it were a
scalar quantity. Here, we will introduce the concept of angular velocity and acceleration vectors. We shall
see that, especially in three dimensions, it makes a lot of sense to think of these quantities as vectors. Let
us consider a rigid body, which is spinning about an axis C' — C with an angular velocity of {2 rad/s.

C

C

We consider a unit vector, ec, along the direction of the axis, and define the angular velocity vector, €2, as

a vector having magnitude 2 and direction ec. Thus,
Q= Qec .

Note that the convention between the direction of rotation and that of €2 is determined by the right hand
rule. If the body were to rotate in the direction opposite to that shown in the diagram, then we would simply
have ©Q = —Qec.

The angular velocity vector is useful to express the velocity, due to rotation, of any point A in the rigid
body. Let r be the position vector of A relative to an origin point, O, located on the axis of rotation. It

turns out that the velocity of A, v, can be simply expressed as
v=0QX7T. (1)

First, we note that, when the body spins, A describes a circular trajectory around the axis of radius d =
rsin g, where ¢ is the angle between r and the axis of rotation. Since the body is spinning at a rate of

rad/s, the magnitude of the velocity vector will be v = Qd = Qrsinp. The direction of the velocity vector



v will be tangent to the trajectory at A, which means that it will be perpendicular to » and ec. Thus,
recalling the definition of the vector product, we can verify that the velocity given by (1) does indeed have
the right direction, orientation and magnitude.

We also define the angular acceleration vector as,

)
Q="
dt

Since the angular acceleration is the derivative of a vector, it will measure both the changes in magnitude

and the changes in direction of the angular velocity vector.

Time derivative of a fixed vector in a rotating frame

We consider a reference frame z’y’z’ rotating with an angular velocity € with respect to a fixed frame zyz.
Let V be any vector, which is constant relative to the frame x’y’z’. That is, the vector components in the

2'y’ 2’ frame do not change, and, as a consequence, V rotates as if it were rigidly attached to the frame.

‘ AV

;O

In the absolute frame, the time derivative will be equal to

dv V+AV)-V
— = lim L =QxV,

dt At—0 At

which can be interpreted as the velocity of the tip of vector V. The above expression applies to any vector
which is rigidly attached to the frame 2'y’z’. In particular, it applies to the unit vectors 4’, ' and k’.

Therefore, we have that

di'

E = Q X 'll
dj’ ./
Y _

d xJ
dk’'

— = Qxk .
dt x

Time derivative of a vector in a rotating frame: Coriolis’ theorem

Now let V' be an arbitrary vector (e.g. velocity, magnetic field, force, etc.), which is allowed to change in

both the fixed zyz frame and the rotating x’y’z’" frame. The vector V' can be expressed, in the z'y’z’ frame,



as,
V =Vyi' + Vi + VoK.
If we now consider the time derivative of V', as seen by the fixed frame, we have

. d
V*V

== = Vod + Vg + Vok! + Vi + Vi + Vol

= (V)x/y/z/ —+ QxV. (2)

Here, Vi’ + Vy/j' +Vok' = (V)z/y/z/ is the time derivative of the vector V' as seen by the rotating frame.
Hence, for this derivative, the vectors i’, j/ and k' remain unchanged. The term Vz/i/ + Vy/il + Vz/il =
V(2 x 3") + V(2 x §') + Vo (2 x k') = © x V is the change in V due to the rotation. The expression
(2) above is known as Coriolis’ theorem. Given an arbirary vector, it relates the derivative of that vector as
seen by a fixed frame with the derivative of the same vector as seen by a rotating frame. Symbolically, we
can write,

(.)xyz:(.)x’y’z’—i_ﬂx( )

We will often omit the notation ( )y, when the derivative is taken with respect to the fixed frame.

Relative Motion using translating/rotating axes

Here, we consider the relationship between the motion seen by an observer B that may be accelerating as
well as rotating, and the motion seen by a a fixed observer O. Let ap be the acceleration of B with respect
to O, and let ©Q and € denote the angular velocity and angular acceleration, respectively, of the frame '3’z

rigidly attached to B. The vectors ¢, j and k are the unit vectors corresponding to the fixed frame xyz, and

i', 3/ and kK’ are the unit vectors corresponding to the rotating frame x'y’z’.
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Position vector

The position vector of A with respect to the fixed frame can be written as,

TA=TB+TA/B - (3)



Note that this is an instantaneous concept, and therefore it is immaterial whether the observer B is rotating
or not. In other words, the above expression is valid at any given instant. Of course, if we choose to express
ra and rp in ryz components, and r4,p in 2'y’z’ components, then we will have to make sure that the
proper coordinate transformation is done before the components of the vectors are added. Also, since the

orientation of x’y’z’ changes in time, this transformation will depend on the instant considered.

Velocity vector

Differentiating (3) with respect to time, we have,

vAa=04 = T+ (Pa/Blary + QR XT4B
= vp+ ('UA/B)x/y’z’ + QX TA/B - (4)

Here, we have used Coriolis’ theorem (2) to calculate the derivative of 74,5, i.e. 74,5 = (Ta/B)2y = +Q X
r4/p- In the above expression, v4 and vp are the velocities of A and B, respectively, relative to the fixed
frame. The term (v4/p)ary2r is the velocity of A measured by the rotating observer, B. Finally, Q is the

angular velocity of the rotating frame, and r4,p is the relative position vector of A with respect to B.

Acceleration vector

Differentiating (4) once again, and making use of Coriolis’ theorem, e.g. d(va,/p)ary =/ /dt = (Va/B)ary = +

Q x (va/B)ary =, We obtain the following expression for the acceleration,

ap,=vy = 7}B+(1.}A/B)m/y/z/+ﬂx('UA/B)m/y’z’
+ Q XTA/B + Q x ('UA/B)z’y’z’ + O x (Q X TA/B)

= ap-+ (aA/B)r/y’Z’ +2Q x ('UA/B)z’y’Z' +Qx TA/B+ Q x (@ x TA/B) . (5)

Here, a4 and ap are the accelerations of A and B, respectively, observed by zyz. The term (a4 /)y -’ is the
acceleration of A measured by an observer B that rotates with the axes 2'y’2’. The term 202 X (v /B )ary’ 2/
is called Coriolis’ acceleration. The term €2 x r /B is due to the change in €2, and, finally, the term
Q x (2 x r4/p) is called centripetal acceleration. It can be easily seen that this acceleration always points
towards the axis of rotation, and is orthogonal to €2 (when trying to show this, you may find the vector
identity, A x (B x C) = (A - C)B — (A - B)C, introduced in the Review Notes on Vectors, applied to
QX (Qxrap)= 2 -14/8)2—(2-Q)r,p, useful).

Qx(Qxra/B)



Note Q VS. (Q)z’y’z’

When writing the angular acceleration vector, Q, we did not specify whether the derivative was taken with
respect to the fixed observer, O, or with respect to the rotating observer, B. This may seem a little bit
sloppy at first, but, in fact, it turns out that it does not really matter. The time derivatives of vectors which
are parallel to € are the same for both observers. This can be easily seen if we go back to Coriolis’ theorem
(2) and apply it to €. That is,

Q = (Q)z’y/z/ —|— Q X Q = (Q)z’y/z/ .

Note Non-rotational observers

We note that, for the case where Q@ = ©Q = 0, the 2’ 1’2" axes only have translational motion relative to
the fixed axes xyz, and therefore the equations (3), (4) and (5) reduce to those introduced in the previous

lecture. Namely,

TA = TB+Ta/B
VA4 = UB+Vu/B
as = ap-+ayu/p.

Note also that, since the axes 2'y’z’ do not rotate, we do not need to use the notation (- )yryrsr.

We can now go back to our introductory example and verify that expressions (4) and (5) are indeed consistent
with the observations made earlier. We have v4 = vp = 0, and (v4/p)ayr = —S24/p€s. Thus, equation

(4) reduces to
0 = —QTA/369 + Qk x TA/B€r ,

which is clearly satisfied since k x e, = ey. For the acceleration equation (5), we have ayx = ap = 0,

(Va/B)ary = = —Ua/peo, (@a/p)ery > = —ra per, and @ = 0. Thus,
0 = —QQTA/BET + 2Qk x (—QTA/BEQ) + Qk x (Qk X TA/BeT) s
which is also satisfied since k x epg = —e, and k x (k X e,) = —e;..
Note Velocity and acceleration of in a rotating rigid body

We have seen (see earlier note in this lecture) that the velocity of a point A in a rigid body that is rotating
with an angular velocity €2 is simply

v=vp+QXx7r,



where 7 is the position vector of A with respect to point B, and v g is the acceleration of point B. In order
to determine the acceleration, we simply use expression (5). After setting all the appropriate to terms to
zero, we get,

a=ap+Qxr+Qx(Qxr).

The second term is due to the change in angular velocity, whereas the third term is the centripetal acceleration

due to the body’s rotation.

Example Helicopter Blades

We want to determine the instantaneous velocity and acceleration of a point A, which is located at the tip
of the blade of the helicopter. The blades are rotating with an angular velocity p, and, at the same time,
the helicopter is pitching downwards at an angular velocity gq. At the instant considered, the velocity and

acceleration of the center of mass of the helicopter, G, are zero.

r=

We will solve this problem using two approaches:
First approach :
In this approach, we consider a fixed set of axes, xyz, and a set of axes attached to the body of the helicopter

2'y’2’. The origin of both axes is at the center of mass, G. Taking B = G in (4), we write

va =vg + ('UA/G)m/y/z' + QO x 'rA/G-

Here, vg = O since the center of mass is at rest. The velocity observed by the z'y’z’ frame is simply
(Va/@)ary = = Pk X 1 4/q = pk X (aj + bk) = —pai. The angular velocity of the frame z'y’z’ is clearly the
pitch angular velocity, thus 2 = —q¢. Finally, we have

va = —pai + (—qi) X (aj + bk) = —pai + gbj — qak .



For the acceleration, we use expression (5) and write
as =ag + (aA/G)w/y/z/ + 20 % (vA/G)m’y’z’ + Q XTA/G + Q% (Q X "“A/G) .

Here, ag = 0 because the center of mass is not accelerating. Relative the the axes z'y’2’, point A describes a
circular motion at constant speed. Therefore, the only observed acceleration will be the centripetal acceler-
ation. The magnitude of the centripetal acceleration is simply the speed divided by the radius of curvature,
and the direction is parallel to the negative y axis. Thus, (a/q)sry . = —p2aj. The angular acceleration of
z'y’ 2’ with respect to xyz is zero because the aircraft is pitching at a constant angular velocity, i.e., Q=o0.

Finally, we have
as = —p°aj +2(—qi) x (—pai) + (—qi) X (—qi x (aj + bk)) = —(p* + ¢*)aj — ¢*bk .

Second approach :

Here, we consider the same fixed set of axes xyz, but the moving axes z'y’z’ are now rigidly attached to the

blades. Also, the origin of the moving axis is now taken at point B in the diagram.

The relative angular velocity of z'y’z’ with respect to zyz is now the sum of the pitch angular velocity

Q, = —q1, and the spin angular velocity 2, = pk. Thus, we have
Q=Q,+Q; =—qi+pk .

The expression for the angular acceleration follows from considering the derivative of the above expression.
It is clear that the direction of §2,, is constant and its magnitude is also constant. Therefore, we have §2,, = 0.
The situation with €, is different. The magnitude of €2 is constant, but its direction changes. We can use
Coriolis’ theorem, (2), to compute its derivative. In order to do that, we consider a set of axes in which
remains constant. For instance, we can use the axes 2'y’z’ (the axes z'y’z’ of the first approach will also be
a good choice). We have,

QS = (Qs)z/ylzl +Qx Q.



Here, (Qs)w/y/z/ = 0. Therefore, we have
Q= (2 + Q) x Q2 =0, x Q= pyj .

Now we can apply expressions (4) and (5) to calculate the velocity and acceleration. We note that vg = ¢bj,
and ap = —q¢%bk. Also, (va/B)aryzr = 0 and (@a/B)ary’r = 0O since, in the frame attached to the blades,
point A is not moving. Setting 4,5 = aj, we have,

va = qbj + (—qi + pk) x (aj) = —pai — qbj — qak ,

and

ax = (—q°bk) + (pqj) % (ag) + (—qi + pk) x ((—qi + pk) x (aj)) = —(p* + ¢*)aj — ¢°bk .

Multiple observers

It should be noted that in all the above derivations we have assumed that O was fixed, and that B was
translating and rotating relative to O. It turns out that the above derivations are still valid if O moves,

possibly with acceleration and rotation, provided that €2 is the difference between the angular velocities of
B and O.

Realizing this allows us to extend the above expressions to the situation in which we have multiple observers.

/

Y
/

xr

o/l J I.A/B'

In particular, if we consider the expression (4) for the velocity, the term (v4,p)zy/2r can be computed with

the aid of a third observer C, using axes 2”y” 2", which has a velocity v g and angular velocity €' with

respect to 2'y’z’. Thus, we can write

(’UA/B)x/y'z' = (vC/B)x/y/z' + ("’A/c)z“y”z” + (Q/)z'y/z/ XTA/C



which, combined with (4), gives,

va = B+ (Va/B)aryz + Q2 XTa/B

= vp+ (Vo/B)ury s + (Vas)aryrer + (Q)ery X T a0 + QXX TasB -

An analogous expression could be derived for the acceleration involving three observers in relative motion

with respect to each other. You may want to try this as an exercise.

Example Multiple Observers

In this example we illustrate a more systematic procedure for calculating the angular velocities and accel-
erations when several reference frames are involved. We want to determine the angular acceleration of the
disc D as a function of the angular velocities and accelerations given in the diagram. The angle of w; with

the horizontal is ¢.

5 ¢ z=z

Y,y

We consider three sets of axes. Axes zyz are fixed. Axes z'y’z’ rotate with angular velocity wsk with respect

to xyz. Axes 2''y"z" rotate with angular velocity wsi’ with respect to 2'y/%’. Finally, the disc rotates with

angular velocity wqj” with respect to the axes x''y"2".

The angular velocity of the disc with respect to the fixed axes will be simply
Q= woi' +wi1j” + Fwsk . (6)
At the instant considered, i’ = 4 and j” = cos ¢j + sin ¢k. Therefore, we can also write,
Q = wai + wy cos @f + (w1 sing + ws)k .

In order to calculate the angular acceleration of the disc with respect to the fixed axes xyz, we start from

(6) and write,

) d d
(%) B <a(‘”ﬂ" +wng” +“’3"’))W B (a“’ﬂ" +”1"">> sk

TYZ
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Here, we have used the fact that k does not change with respect to the zyz axes and therefore only the
magnitude of w3 changes. In order to calculate the time derivative of wyi’ +w;j” with respect to the inertial
reference frame, we apply Coriolis’ theorem (2). Since z'y’z’ rotates with angular velocity wsk with respect
to xyz, we write,

d d
(a(wgi/ + wlj”)) = <E(w2i' + wlj”)> + w3k x (woi’ +wij”) .
Yz x'y’ 2’

./ . . .
In the z'y’z’ frame, ¢’ does not change direction. Therefore, we can write

d d
(%(wgi/ + wlj”)) = (.L)Qi/ + (a(wljn)> + (.«J3k) X (LUQ'i/ + wlj") .
Yz x'y’ 2’

In order to evaluate the derivative of wyj” with respect to the x'y’z’ frame we make use again of Coriolis’
theorem (2), and write
d -/ d -/ -/ -/ . -/ ./ -/
E(wu ) = E(wu ) Fwat’ X wig" =g Fwet Xwig” .
z/y z/ :E//y//Z//
Here, we have used the fact that ”y” 2" rotates with angular velocity wei’ with respect to 2'y’z’, and the

derivative of 5" in the x”y" 2" reference frame is zero. Putting it all together, we have,

dQ2
(E) = (4.)27:/ + L;)ljll “+ wgi/ X wlj” “+ u}gk X (u}gil “+ wlj'/) —+ (.«)3,{7
Yz

d)g’l:/ + wlj” + wlwgk” + wowsj] — wiwsz cos ¢ ¢ + wsk

= (w2 —wiwscos@) i + (w1 cos P + waws — wiwa sin @) j + (w3 + wi sin ¢ + wiws cos @) k.

Example Cylindrical coordinates

Cylindrical (and spherical) coordinate systems can be regarded as particular cases of the expressions (3), (4)

and (5).

z kA
ey
<e:
z
)

Consider the fixed frame (¢, 7, k) and the rotating frame (e,, eg, k), and consider two observers O and B

whose positions coincide, but who refer to the fixed and the rotating frame, respectively. Thus, we have that

11



rg =vp = ap = 0. The angular velocity and acceleration of the rotating frame relative to the fixed frame

are Q = Ak and Q = 0k, respectively. Therefore, expressions (3), (4) and (5) become,

ra = rTyp=re.+2zk
vy = (vA/B)ng—i—QXTA/BzfeT—i—ék—i—ékx(reT+zk):7‘eT+r6‘e9+ék
ay, = (aA/B)r9z+2QX(UA/B)r9z+Q><7’A/B+QX(QXT’A/B)

= (P —r0%e, + (rf + 2i0)eg + 3k ,

which agree with the previously derived expressions for position, velocity and acceleration in cylindrical
coordinates. Here, (a4,/p)ror = i€, + 2k, 2 X (vV4/B)ror = 21*9'69, Q x TA/B = réeg, and QX (2xry/p) =

—rf3e,.
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