Bayesian Estimation
for Dynamic Systems

Brian C. Williams
16.410/16.413
Session 20

courtesy of JPL

Reading Assignments

AIMA (Russell and Norvig)

= Ch15.1-.3, 20.3 State Estimation and
Hidden Markov Models

From Monday:
= Ch13 Review of Probabilities
= Ch14.1-4 Probabilistic Reasoning

= No homework due this week.
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Outline

= Overview

= Belief State Update
= Sequential, Model-based Diagnosis
= Robot Localization
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Multiple Faults Occur

« three shorts, tank-line
and pressure jacket
burst, panel flies off.

= How do we rank order
a large set of consistent
diagnoses?

courtesy,of NASA

aacAPOLLO 13
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Courtesy of Kanna Rajan, NASA Ames. Used with permission.

How does a robot determine its position
from noise data, as it moves around?

=" T oo -
: s o

X3

X! p0elx,8)= 9
Xg: Pl 3=05
Xy P(Xqfx1,2)=.05

Observations can
be features such

as corridor features,
junction features, etc,

How does a robot understand
what is being said to it?

Courtesy of NASA.
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Estimating Dynamic Systems

Given a sequence of observations and commands:
- What is the likelihood of a particular state?
= Belief State Update: (filtering and smoothing)
What is the most likely sequence of states that got me here?
Decoding: (Viterbi Algorithm)
What is the most likely sequence of observations generated?
Evaluation/Prediction:
What HMM most likely generated these observations?
Learning: (Baum-Welch Algorithm, ExpectationMaximization Algorithm)
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Outline

= Overview

= Belief State Update
= Sequential, Model-based Diagnosis
= HMMs and Belief State Update
= Robot Localization
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Diagnoses: (42 of 64 candidates)

Fully Explained Failures Partial Explained

= [A=G, B=G, C=S0] = [A=G, B=U, C=S0]
= [A=G, B=S1, C=S0] = [A=U, B=S1, C=G]
= [A=S0, B=G, C=(] * [A=S0, B=U, C=G]

Fault Isolated, But Unexplained
= [A=G, B=G, C=U]
= [A=G, B=U, C=G]
= [A=U, B=G, C=G]
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Due to the unknown mode, there tends to be an
exponential number of diagnoses.

But these diagnoses represent a small fraction of the
probability density space.

:> Most of the density space may be represented
by enumerating the few most likely diagnoses

copyright Brian Williams, 2000 10
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Assume Independence
Of Initia Mode
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L eading diagnoses before output observed
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L eading diagnoses before output observed
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Outline

= Overview

= Belief State Update
= Sequential, Model-based Diagnosis
= HMMs and Belief State Update
= Robot Localization
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Estimation For Dynamic Systems

Given a sequence of observations and commands:

- What is the likelihood of a state?
= Belief State Update: (filtering, smoothing, prediction)

What is the most likely sequence of states that got me here?
= Decoding: (Viterbi Algorithm)

What is the most likely sequence of observations generated?
= Evaluation:

What HMM most likely generated these observations?

= Learning: (Baum-Welch Algorithm, ExpectationMaximization Algorithm)

9/13/00 copyright Brian Williams, 2000 22

What is the likelihood of a state?

Filtering
Prediction

]
t

= Filtering

= Probabilities of current states
= Prediction

= Probabilities of future states
= Smoothing

= Probabilities of past states
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Notation

St+L: set of hidden variables in the t+1 time slice
st*1: set of values for those hidden variables at t+1
xt*1: set of observations at time t+1

x1t: set of observations from all times from 1to t
a: normalization constant
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Hallway Example

"
P=033

- Observation:

Baelom "

Assume al locations
are equaly likely.

b=[000000.330.33000.3300]

9/13/00 copyright Brian Williams, 2000

Hallway Example
Action:
- Move North

- Observation:

P=0.48 '
.
[]

b=[00.480.48000.010.02000.0100]
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Hallway Example

Action:
ove West

b=[00.970.01000.02000000]

9/13/00 copyright Brian Williams, 2000
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Hidden Markov Models
= Finite States S, Actions A & Observations W
= State transition function
T(Si’Ai’SHl) (] P(Si+l| Si’ AI)
= Observation function
O(S', W)° P(W| S!)
= |nitial state distribution

Q(S): P(SY)

dl subsetsof S

9/13/00 copyright Brian Williams, 2000

Hidden Markov Models

= S ={Coin, Coin,}

= W={H,T}
A={
T,0,Q:
Observed sequence:
H T, HHH,H,H T, H T, T, H H,H H, H
Hidden sequence:
C1,C1,C1,C1,C1,G5,.C5,C5,C0,C1,C1.Cr,C,C,,Co

9/13/00 copyright Brian Williams, 2000 29

Markov Assumptions

Given adistribution over the current state,
the future states and current and future
observations are independent of the past.

= First-order Markov process
] P(StlSO:!-l) = P(Stlsll)

= Markov assumption of evidence
] P(thSO:!‘XO:!-l): P(thSt)

9/13/00 copyright Brian Williams, 2000
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Belief Update Example
0.9

b(sl +1) =

ao(x",s™) 4 T(s,a,s"Nn(s)

sis'

Observed sequence:
H T H H

C, 0.5 ax0.7x[0.9x0.5+0.1x0.5]=0.35a=0.64
C, 0.5 ax0.4x[0.1x0.5+0.9x0.5]=0.20a=0.36

& ;s P(s)=1 hence 0.35a+ 0.20a= 1= a =182
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Belief Update Example
0.9

b(sl +1) =

ao(x",s™) 4 T(s,a,s"Nn(S)

sis'

0.5 C;
Observed sequence:
H T H H H H
C, 0.5 0.64 ax0.3x[0.9%0.64+0.1x0.36] =0.18a =0.44
C, 0.5 0.36 ax0.6x[0.1x0.64+0.9x0.36] =0.23a =0.56

& ,.PE)=1 hence0.18a+028a= 1= a=244
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Belief Update Example
0.9

b(sl +1) =

ao(x",s™) 4 T(s,a,s"Nn(s)

sis'

05 C,
Observed sequence:
H T H H H H
C, 05 0.64 0.44 ax0.7x[0.9x0.44+0.1x0.56]=0.32a=0.37
C, 05 0.36 0.56 ax0.4x[0.1x0.44+0.9x0.56] =0.55a=0.63

& ;s P(s)=1 hence 0.32a+ 055a= 1= a=115

9/13/00 copyright Brian Williams, 2000
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Belief Update Example
0.9

b(sl +1) =

ao(x",s™) 4 T(s,a,s"Nn(s)

sis'

Observed sequence:
H T H
C, 05 0.64 0.44 0.37

C,05 036 056 0.63

& ;s P(s)=1 hence 0.32a+ 055a= 1= a=115

9/13/00 copyright Brian Williams, 2000

Outline

= Overview

= Belief State Update
= Sequential, Model-based Diagnosis
= HMMs and Belief State Update
= Robot Localization
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Localization Example:
Where is Robbie?

9/13/00 copyright Brian Williams, 2000
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Localization Example:
Where is Robbie?

= Actions: North, South, East, West g
= Observations: Wall, No-Wall

= Transition Function T(S,AiS*1) © P(S*1] Si, Al):
If action pushes against wall,
Then actionsucceeds with P = 0.0

remains in place with P =1.0

Else actionsucceeds with P =0.75
remains in place with P =0.25

9/13/00 copyright Brian Williams, 2000

Localization Example:
Where is Robbie?

= Observation Function O(S', W) © P(W| S/):
If next to wall,

Then observe Wall with P =1.0
No-Wall  with P = 0.0

If one square from wall,
Then observe Wall with P = 0.25
No-Wall  with P =0.75

Otherwise,
observe  Wall with P = 0.0

observe  No-Wall with P=1.0

9/13/00 copyright Brian Williams, 2000

Example: Where is Robbie?
Just Turned on, could be anywhere

Initial state distribution Q(S) © P(SY,
assume uniform distribution.

9/13/00 copyright Brian Williams, 2000
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Example: Where is Robbie?
Moves North

I5X4+1x4=7 ! - - !
75x4+.25x4=4 b(S”l) =aO(x”1,S'”)a T(S,a',S'”)b(S')
25x4=1 -

9/13/00 copyright Brian Williams, 2000 43

Example: Where is Robbie?
Moves North

b(S™) =a0(x*1,S™) § T(S,a,S™)b(S)
sis

9/13/00 copyright Brian Williams, 2000

Example: Where is Robbie?
Observes No-Wall

Column
dong

TEE IR () =a0(<" S § T(S,a, SD(S)

0x1=0 ==

9/13/00 copyright Brian Williams, 2000
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Example: Where is Robbie?
Observes No-Wall

Numbers not
renormalize

b(S*) =a0(x*1,S*) § T(S,a, S )b(S)
sis
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Example: Where is Robbie?
Moves North

Numbers not
renormalize

75x3+1x0=225
75x3+.25x3=3

75x 4+ 25x 3= 375NN
75x 3+ .25 x 4 = 3. 25l L RS

75x0+.25x3=.75 ==

9/13/00 copyright Brian Williams, 2000

Example: Where is Robbie?
Moves North

o ez [2as 2] 0 ]
0[5 [375] 2 [0 yusenn
0[5 [355] 5 [0 | e
0 [225[225 225 0 | tys

o [oJolo o]

b(SM) = ao(xi+1’s'+1) é T(S , a‘,S‘“)b s )
iy
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Example: Where is Robbie?
Observes Wall

ENESEIEIEN
2 Jars] s [0

Numbers not
renormalized

1x225=225
25x3=.75

I Nt
o223 15=0947 IR AT(4.5706)
25X 2.25= .56
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Example: Where is Robbie?
Observes Wall

Numbers not
renormalized

b(S™) =a0(x*1,S™) § T(S,a,S™)b(S)
sis
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Example: Where is Robbie?
Moves East

Numbers not
renormalized

75x2.25+1x0=169 .;gx.ggﬂZ;o:S.gtz -

75%x2.25+.25x225=225 -[9X.96+.25X.56=.

750+ .25% 2.25= 56 75x0+.25x .56=.14
.75x.75+1x0=.56 ‘ . ‘ o - ‘
7755>><< S;é:%Ssi 554; 88% b(snﬂ) =aO(x'*1 ’Swl) a T( S, 4d, Swl)b(sn)
75x0+.25x.75=.19 sis
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Example: Where is Robbie?
Moves East

ENEIERER

Numbers not
renormalized

o |14 [ 6 [ % | a2 | bya
oo lo o]0

b(S*) =a0(x*1,S*) § T(S,a, S )b(S)
sis
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Example: Where is Robbie?
Observes Wall

0 [ 56 225|255 109
0 [0 [0 [0 0] o

o [ 03 [ 14 [ ] az| wa
oo lolo o

1xP=P dongwal
.25 x P = one step from wall

b(S™) =a0(x*1,S™) § T(S,a,S™)b(S)
sis
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Example: Where is Robbie?
Observes Wall

0 [own[ze6 206 [108]

Normalizing
in terms of %

a=1175%

b(S") =a0(x",$™) § T(S,a,S™)(S)
sis
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Diagnosing Dynamic Systems: Via
Probabilistic Constraint Automata
* Devices modes
* Probabilistic transitions between modes
« State constraints for each mode
» One automata per component

N Stuck

open

Stuck
Closedé‘ closed

Unknown
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Estimating Dynamic Systems

Given a sequence of observations and commands:
- What is the likelihood of a particular state?
= Belief State Update: (filtering, smoothing, prediction)
What is the most likely sequence of states that got me here?
= Decoding: (Viterbi Algorithm)
What is the most likely sequence of observations generated?
= Evaluation:

What HMM most likely generated these observations?

= Learning: (Baum-Welch Algorithm, ExpectationMaximization
Algorithm)
9/13/00 copyright Brian Williams, 2000

19



