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How Shou d a Rover Search for ts Land ng Craft? 

State Space Search? 
As a Constra nt Sat sfact on Prob em? 
Goa -d rected P ann ng? 

near Programm ng? 
Is the rea wor d we -behaved? 

Landing 
Craft 
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How Shou d a Rover Search for ts Land ng Craft? 

What each act on can have one of a set of 
fferent outcomes? 

What f the outcomes occur probab st ca y? 

Landing 
Craft 
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Ideas n th ecture 

Prob em s to accumu ate rewards
rather than to ach eve goa states. 

Approach s to generate react ve po es for 
how to act n a tuat ons, rather than p ans for 
a s ng e start ng s tuat on. 

Po es fa out of va ue funct ons, wh ch 
descr be the greatest fet me reward 
ach evab e at every state. 

Va ue funct ons are terat ve y approx mated. 
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MDP Prob em: Mode

Agent 

Env ronment 

State Reward Act on 

ven an env ronment mode as a MDP create a po cy for act ng 
that max zes fet me reward 
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Markov Decision Processes ( ) 
l: 

• Finite set of states, S 
• Finite set of actions, A 
• (Probabilistic) state

transitions, Τ(si,aj, sk) 
• Reward for each state 

and action, R(si,ai) 
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a0 s1 
a1 

r1 

s2 
a2 
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i (st t, st ) 

MDPs
Mode Process: 

10 

10 10 

Lega trans ons shown 
Rewards on un abe ed 

trans ons are 0. 

Examp

s1 a1 

Observe state n S 
Choose act on a n A 
Rece ve mmed ate reward 
State changes to some +1 
accord ng to T , a +1

i i
• i

i i l
i

• p(st | at, st ) = p(st | at, st) 
• r(st t ) (st t) 

• i i
p(st | at, st) r ini ic 

MDP Env ronment Assumpt ons 
Markov Assumpt on: 
Next state and reward s a funct on on y of 
the current state and act on: 

+1 , at-1, st-1, at-2,... +1
, a , st-1, at-1, st-2,... = r , a

Uncerta n and Unknown Env ronment: 
+1 and may be nondeterm st

and unknown 
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Assume deterministic world 

An MDP solution is a policy π : S A 
• Selects an action for each state. 

Optimal policy π∗ : S A 
• Selects action for each state that maximizes lifetime 

reward. 

G 

π 

G 

π∗ 

So what is ‘ ’ to an MDP? 
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the solution

• lici ll ily 
i l. 

• l i l lici

G G 

G 

There are many po es, not a are necessar
opt ma
There may be severa opt ma po es. 
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10 10 
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10 

10 10 
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What s th fet me reward
Opt ma po cy max zes expected reward of agent over the fet me of 
the agent. 

How ong w the agent live? 
te hor zon: 
Rewards accumu ate for a f xed per od. 
$100K + $100K + $100K = $300K 

Inf te hor zon: 
Assume reward accumu ates for ever 
$100K + $100K + . . . nf ty 

scount ng: 
Future rewards not worth as much 
a b rd n hand 

Introduce d scount factor 
$100K + $100K + $100K. . . converges 

Value Function Vπ π 
• Vπ(st) i l li i lti

i i st l i
li π: 

Vπ(st) = rt + γ r + γ 2 r
Vπ(st) = ∑i γ i r

rt, r , r ll i π, 
i st . 

0 

γ 99 

G 

π Vπ 

for a Given Policy 
s the accumu ated fet me reward resu ng 

from start ng n state and repeated y execut ng 
po cy 

t+1 t+2 . . . 
t+I 

where t+1 t+2 . . . are generated by fo ow ng 
start ng at 

10 10 

Assume = .9 10 
10 

10 10 
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i l li π i l i V* 
i i li i ll 

i ibl i ai i
l i ai wi li i

G 

π 

0 

99 

Li i ( ai) i
• i i i i r( ) … 
• ili i s’: p(s’| ) 
• li i i i V( ) … 
• di γ. 

π*(s) = a [r( ) + γV∗( p( ) )] 

• l i
• i l. 

• p S → ℜ 
• r → ℜ 

An Opt ma Po cy * G ven Va ue Funct on 
Not ce: Suppose, g ven state s, we knew the fet me rewards for a other 

states? 
1. Exam ne all poss e act ons n state s. 
2. Se ect act on th greatest fet me reward. 

10 

10 10 10 10 

10 

fet me reward Q s, s: 
the mmed ate reward for tak ng act on s,a
probab ty of poster or state s,a
fe t me reward start ng n target state s'
scounted by 

argmax s,a s, a

Must Know: 
Va ue funct on 
Env ronment mode

: S x A x 
: S x A 

l i V∗ i l li π∗ 

• i l l i i
1(s) = ai [ ai)] 

• i l l i i
2(s) = ai [ ai) + γ∑s’V* 1(s’)p(s’| ai)] 

• i l l i i
n(s) = ai [ ai) + γ∑s’V* (s’)p(s’| ai)] 

 i l l i i ini i

SA SB 

B 

ARA 

RB 

A 

RA 

B 

RB 

(s) = ai [r( ai) + γ∑s’V*(s’)p(s’| ai)] 

le 

Va ue Funct on for an opt ma po cy 

Opt ma va ue funct on for a one step hor zon: 
V* max r(s,

Opt ma va ue funct on for a two step hor zon: 
V* max r(s, s, 

Opt ma va ue funct on for an n step hor zon: 
V* max r(s, n-1 s, 

Opt ma va ue funct on for an nf te hor zon: 

V* max s, s, 

Examp
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Solving MDPs by Value Iteration 
Insight: Calculate optimal values iteratively using DP 

Algorithm: 
1.	 Label all states: for each state s 

•	 V0(s) ← maxa r(s, a) 
2.	 Iteratively calculate value using Bellman’s Equation: 

for each state s 
•	 Vt+1(s) ← maxa [r(s,a) + γ∑s’Vt(s’)p(s’|s, a)] 

3.	 Terminate when values are “close enough” 
|Vt+1(s) - V t (s) | < ε 

4.	 Return V* = Vt+1 

•	 Policy Execution: agent selects optimal action by one step
lookahead on V:


π(s) = argmaxa [r(s,a) + γ∑s’Vt(s’(s’)p(s’|s, a)]


l l i
Vt (s) ← a [r( ) + γ∑s’Vt(s’)p(s’| )] 

0 

0 
G G 

V t V 

0 

γ (s’| ) i ini ic 

Examp e of Va ue Iterat on 
+1 max s,a s,a

90 100 

90 100 

100 

100 

100 

100 

t+1 

90 100 

81 90 100 

= 0.9, p s, a s determ st
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l l i
Vt (s) ← a [r( ) + γ∑s’Vt(s’)p(s’| )] 

0 

0 0 

0 
G 

V 1 V 2 

G 
0 

0 

γ (s’| ) i ini ic ( i ili ) 

G 
0 

V 3 

Examp e of Va ue Iterat on 
+1 max s,a s,a

50 

100 

100 

100 

100 

100 

45 50 

90 100 

= 0.9, p s, a s non-determ st red arcs occur w th 50% probab ty

100 

100 

81.45 90.5 

81 90 100 

l i
• i l “cl ” 

|V (s) - V t (s) | < ε 

s i |V (s) - V∗ (s) | / - γ) 

• i l ial ti
• i

i ini l l in 

Convergence of Va ue Iterat on 
If term nate when va ues are ose enough

t+1

Then: 
Max n S t+1 < 2εγ (1 

Converges n po ynom me. 
Convergence guaranteed even f updates are 
performed nf te y often, but asynchronous y and 
any order. 
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Ideas n th ecture 
Ob ect ve s to accumu ate rewards, 
rather than goa states. 
Ob ect ves are ach eved a ong the way, 
rather than at the end. 
Po es can be descr bed by va ue funct ons, wh ch 
descr be the greatest fet me reward ach evab e at 
every state. 
Va ue terat on s a fast a gor thm for comput ng the 
va ue funct on under certa n assumpt ons. 

i li i
Idea: Iteratively improve the policy 
1. Policy Evaluation: Given a policy πi i = Vπi, 

the utility of each state if πi were to be executed. 
2. Policy Improvement: Calculate a new maximum expected 

utility policy πi using one-step look ahead based on Vi. 

• πi improves at every step, converging if πi = πi . 
• Computing Vi is simpler than for Value iteration (no max): 

(s) ← r( πi(s)) + γ∑s’V* t(s’)p(s’| πi(s))] 
• l li i i (N3) 
• l i i l imil l i i

Append x: Po cy Iterat on 

calculate V

+1 

+1

V* t+1 s, s, 
So ve near equat ons n O
So ve terat ve y, s ar to va ue terat on. 
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i i l
Given: Repeatedly… 
• Executed action 
• Observed state 
• Observed reward 

Learn action policy π: S → A 
• imi li

r0 + γ r1 + γ 2 r2 

• Di < γ < 1 

Note: 
• Unsupervised learning 
• Delayed reward 
• Model not known 

i

s0 r0 

a0 s1 
a1 

r1 

s2 
a2 

r2 

s3 

i

l: i
imi li

r0 + γ r1 + γ 2 r2 

Re nforcement Learn ng Prob em 

Max zes fe reward 
. . . 

from any start state. 
scount: 0 

Agent 

Env ronment 

State Reward Act on 

Goa Learn to choose act ons 
that max ze fe reward 

. . . 

How About Learning the Model? 

• Certainty Equivalence 
1.	 Explore the world 
2.	 Count how often reward r occurs when in state s: 

SumR[s ]←r, Count[s ]←1.i i

3.	 Count how often state s’ occurs when in state s 
Trans[Si,Sj] ←1. 

4.	 At any time: 
–	 rest(Sj) = SumR[S ] / Count[S ]i i

– Test
ij = Trans[Si,Sj] / Count[Si] 

5.	 So at any time we can solve for Vest 
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i i l

• (N2) 
• Ti (1) 
• Ti l

• O(N3)  if use matrix inversion 
• O(N2k )  if use value iteration and we need 

kCRITiterations 
• O( )  if use value iteration, and k

T is 
• i l
• i iti i ill l ( l ) i

l ’s i i i

Certa nty Equ va ence Costs 

Memory: O
me to update counters: O
me to re-eva uate V 

CRIT
to converge 

NkCRIT CRIT to converge, and 
Sparse(i.e. mean # successors is constant) 

Too expens ve for some peop e. 
Pr or zed sweep ng w he p, see ater , but f rst 
et rev ew a very nexpens ve approach 

Eliminating the Model with Q Functions 

π*(s) = a [r( ) + γ∑s’V* t(s’)p(s’| a)] 

i
• i i li V∗ l δ 

Q( ) = r( ) + γ∑s’V* t(s’)p(s’| a) 

• i l Q, i i l 
i i i δ r. 

π*(s) = a Q( ) 

argmax s,a s, 

Key dea: 
Def ne funct on ke that encapsu ates and r: 

s,a s,a s, 

Then, f agent earns t can choose an opt ma
act on w thout know ng or 

argmax s,a
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Q(st t) = r(st t) + γ ∑s’V* t(s’)p(s’|s, at) 

• Need to eliminate V* In update rule. 

• Note Q and V* are closely related: 

V*(s) = a’ ’) 

• Substituting Q for V*: 

Q(st t) = r(st t) + γ a’ ’ ’) 

How Do We Learn Q? 
,a ,a

max Q(s,a

,a ,a max Q(s ,a

le – Q i

Q(s1 ri ) ← r(s1 ri ) + γ a’ Q(s2 ’) 
← 0 + { } 
← 

R R 

Note: if rewards are non-negative: 
• For all Qn(s ) ≤ Q ( ) 
• For all 0 ≤ Qn(s ) ≤ Q( ) 

γ 

Examp Learn ng Update 

,a ght ,a ght max ,a
0.9 max 63, 81, 100

90 

90 100 

81 

72 

63 

100 

81 
63 

s, a, n, , a n+1 s, a
s, a, n, , a s, a

= 0.9 
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Q-Learning Iterations 
• Starts at top left corner – move clockwise around perimeter; 

Initially all values in Q table are zero; γ = 0.8 
Q(s, a) ← r+ γ maxa’ Q(s’,a’) 

G 

10 

10 10 

s1 s2 s3 

s4 s5 s6 

Q(S1,E) Q(s2,E) Q(s3,S) Q(s4,W) 
0 0 0 r+ γ maxa’ {Q(s5,loop)}= 

10 + 0.8 x 0 = 10 

0 0 r+ γ maxa’ {Q(s4,W), Q(s4,N)} 
= 0 + 0.8 x max{10,0) = 8 10 

0 r+ γ maxa’ {Q(s3,W), Q(s3,S)} 
= 0 + 0.8 x max{0,8) = 6.4 8 10 

Crib Sheet: Q-Learning for Deterministic Worlds 

Let Q denote the current approximation to Q. 

Initially: 
• For each s, a initialize table entry Q(s, a) ← 0 
• Observe current state s 

Do forever: 
• Select an action a and execute it 
• Receive immediate reward r 
• Observe the new state s’ 
• Update the table entry for Q (s, a) as follows: 

Q(s, a) ← r+ γ maxa’ Q(s’,a’) 
• s ← s’ 
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Di i

• l l i
i i l

• l i loi i
• li i i

• i i ( l i
le) 

• 

ini ic 

• i i l
Vπ(st) = E[rt + γ r + γ 2 r ] 

Vπ(st) [ ∑ γ i r ] 

Q(st t) = E[r(st t) + γV∗(δ(st t))] 

scuss on 

How shou d the earn ng agent use the 
ntermed ate Q va ues? 
Exp orat on vs Exp tat on 
Sca ng up n the s ze of the state space 

Funct on approx mators neura net nstead of 
tab
Reuse, use of macros 

NonDeterm st Case 

We redef ne V, Q by tak ng expected va ues 
t+1 t+2 . . .

= E t+I 

,a ,a , a
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ini i

• Al ini l

Qn( ) ← ( αn) Q  ( ) + αn [ γ a’ Q
1 (s’ ’)] 

αn /( isi n( )) ’ = δ( ). 

ill Q [ i
] 

i

• li i l ially 
le 

• i i l l i i
• i i
• δ : S x A → S 
• l i i i i
• ltiple l – lti i

l i

Nondeterm st c Case 

ter tra ng ru e to 

s, a 1- n-1 s,a r+ max n-
,a

where = 1 1+v ts s,a and s s, a

Can st prove convergence of Watk ns and 
Dayan, 92

Ongo ng Research 

Hand ng case where state s on y part
observab
Des gn opt ma exp orat on strateg es 
Extend to cont nuous act on, state 
Learn and use 
Re at onsh p to dynam c programm ng 
Mu earners Mu -agent re nforcement 
earn ng 
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