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Reading Assignments

AIMA (Russell and Norvig)

= Ch15.1-.3, 20.3 State Estimation and
Hidden Markov Models

From last Monday:
= Ch13 Review of Probabilities
= Chl4.1-4 Probabilistic Reasoning
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Outline

= Review

= Explanation and Learning in
Statistical Natural Language
= Decoding using the Viterbi Algorithm

= Evaluation via Forward and Backward
Algorithms.

= Model learning via the Baum-Welch
Algorithm.
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HMM Estimation is Pervasive
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Estimating Dynamic Systems

Given a sequence of observations and commands:

What is the likelihood of a particular state?
Belief State Update: (filtering and smoothing)

What is the most likely sequence of states that got me here?
Decoding: (Viterbi Algorithm)

What is the most likely sequence of observations generated?
Evaluation/Prediction:

What HMM most likely generated these observations?
Learning: (Baum-Welch Algorithm, ExpectationMaximization Algorithm)
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What is the likelihood of a state?

Filtering
Smoothing ! Prediction

]
t

= Filtering

= Probabilities of current states
= Prediction

= Probabilities of future states
= Smoothing

= Probabilities of past states
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Notation

St+L: set of hidden variables in the t+1 time slice
st*1: set of values for those hidden variables at t+1
xt*1: set of observations at time t+1

x1t: set of observations from all times from 1to t
a: normalization constant
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Hidden Markov Models

= Finite States S, Actions A & Observations W
= State transition function
T(Si’Ai’SHl) (] P(Si+l| Si’ AI)
= Observation function
O(S', W)° P(W| S!)
= |nitial state distribution

S): P(St Notation:
QS):PESH P (S) denotes
al subsetsof S
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Markov Assumptions

Given adistribution over the current state,
the future states and current and future
observations are independent of the past.

= First-order Markov process
] P(StlSO:!-l) = P(Stlsll)

= Markov assumption of evidence
] P(thSO:!‘XO:!-l): P(thSt)
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Belief Update Example
0.9

b(sl +1) =

ao(x",s™) 4 T(s,a,s"N(S)

sis'

Observed sequence:
H T H H

C, 0.5 ax0.7x[0.9x0.5+0.1x0.5]=0.35a=0.64
C, 0.5 ax0.4x[0.1x0.5+0.9x0.5]=0.20a=0.36

& ;s P(s)=1 hence 0.35a+ 0.20a= 1= a =182
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Diagnosing Dynamic Systems: Via
Probabilistic Constraint Automata
* Devices modes
* Probabilistic transitions between modes
« State constraints for each mode
» One automata per component

vlv=stuck open =>
Outflow = M, "(inflow);

N Stuck

open

Stuck
closed

M4

Unknown
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Outline

= Review

= Explanation and Learning in
Statistical Natural Language

= Decoding using the Viterbi Algorithm

= Evaluation via Forward and Backward
Algorithms

= Model learning via the Baum-Welch Algorithm
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Variant on a Hidden Markov Model

A HMM is defined as <s,,SW,E> - -

« Sisthe st of states, Differencesfromearlier HMM:
Pl ; « Observationsare“words’
sl Sisthesingle start state, « Transitions* emit” observations

* W isthesat of observablesymbols, + A unique start state

e Eistheset of “emitting” transitions
— Atransitionisafour tuplesuchas<s,,”had”, s3,0.3>

denoting: “had" - —
P(s, ® §)=0.3° P(s,, "had "|52)} E combines the transition
and observation function
Example: s=a in the previous HMM def.
‘rogg 0004 s={ab}
(Gl o e
‘ E={<a"“1", a 048>
“0" 048 “1" 1.0 <a,0", a, 048>
<a “0", b, 0.04>
<b,“1",a 10>}

Sentence Parsing Example

HMM =<SS,;,W,E>where S={s,,5,,5;,5, 55,555} ; W={“Roger”, ...};
E={transition,, ...} and trangition, = <s,,"had”, s, 0.3> ....
gt

“had’
P(s, ® 5,)=0.3

Observed Word Sequences: ‘ A

S;: Mary had alittle Lamb and a big dog.
S,: Roger ordered alamb curry and a hot dog.
S;: John cooked a hot dog curry.

P(S;)=0.3*0.3*0.5*0.5*0.3*0.5=0.003375




Problems and Algorithms

Decoding:

Given a sequence of observations, what is the most likely
sequence of hidden states?
— Solution: Viterbi algorithm

Evaluation: What is the probability of a given sequence of
observations?
— Solution: forward/backward algorithm
* (Theseareusedinthelearning algorithm).

Learning:

Given a sequence of observations, what HMM transition
probabilities maximize the likelihood of the sequence?
— Solution: Baum-Welch agorithm (form of Expectation-Maximization)
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Outline

= Overview
= Belief State Update
= Explanation and Learning in

Statistical Natural Language
= Decoding using the Viterbi Algorithm
= Evaluation via Forward and Backward Algorithms
= Model learning via the Baum -Welch Algorithm.
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HMM Decoding
Finding the most likely state trajectory

Problem: Given HMM = <S, 5,W,E>, and observation
sequencewXt, find the most likely state sequence
(denoted s (1)), endingin § at timet:

s/ =ag max P(s" W)

Observewl4= <1, 1, 1, o>
1.2 2 2 4
0 0.2 >_1<a - - - a
AKX X
0 5 5 5 2P
e sS=<ab,b b a
9/13/00 copyright BrianWilliams, 2000 18
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Probability of the
Most Likely State Trajectory

Probability of the most likely sequence s;(t) endingin §
given observations wt:

P(s, @+ 1) w) = PEED W) wéz\:;);"‘"t )

=a TFZ( P(SM, W | SI)P(SH-ly SJ[ Iwu-l)

PG, €+ W) =a maP(s" W 5P, ) W)

P(s (1) =1, if §"='s,, and O, otherwise.

9/13/00
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Viterbi Algorithm
Problem: Compute
s,(t)=ag max P(s"|w"!)
EEEN
Solution: For nfrom 1tot,
» Compute the most likely paths of length n that end at each Sﬁ S

s.(M=(s)
s.(t+)=s, _()°s,

sl w
wherej ., =argmax P(s , (1) W ")P(s,® )

copyright BrianWilliams, 2000 20

* Extend to the most likely paths of length n+1 that end at eachs;, s

Notation: <s,, ... s o b © <s;, ... 5, b>
9/13/00

Example: Viterbi Algorithm
s (D =(s)

s/t =s _ (o5 wherej,, = argmaxP 6. ()P (S @ 5)

States\ Obs Start 1 11 111 1110
a | Seence | a a @a  |aea |abbba
Probability 1.0 0.2 0.04 0.008 0.005
b | Seauence [ @ abb  |abb | abbbb
Probebility | 0.0 0.1 005 |00 [0005

Observe“1110” 1.2 .2 .2 .04 .2 008 .4 .005
XXX
9/13/00 cupynghananW\oH\ams:;OOO'l 5 .05 .5.025 '2% 005
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Viterbi Pseudo Code

Viterbi(<S;s;,W,E> wt:T1, T)  // param a;(t) denotes P(s;(t)jw+1)
1. begin
for i-= Li£l|Si- i+1) {
initidize s;(1) - {s},a;(1) ~ {1lifs isstart state s, else 0} }
for (t- L t<T;t-~ t+1){ /I for each obswt1 wiT
for i-= Li£|S;i~ i+l) { //eachstatestlatimet+l
initialize jpa o 0, Prax ™ -1
for (k= LKE |S; k- k+l) /I compute arg max over s
if (a) * P(st*L, W!|S') > Pgd {
9. Pra ™ D) * PSTLWHS), = KD
10.  a(t+l) -~ Poa
11 si(t+1) = i) oS } // postpend the next state
12. return s(T) for 0 <i= |9 that maximizesa;(T)
13.end

© NOoOUAWN

Outline

= Review
= Explanation and Learning in
Statistical Natural Language
= Decoding using the Viterbi Algorithm
= Evaluation via Forward and Backward Algorithms
= Model learning via the Baum -Welch Algorithm
= Appendix: Monitoring and Diagnosis via
Probabilistic Constraint Automata
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Probability of Observation Sequence

Forward probability &, (t) = P(wt,s')
' given earlier.

e . 1i=1@10
a. M =P ’S‘l)_%otherwise® 0

a,t+)=4 R(s® s)a ()= & P(s ® §P(W',s)
j=1 =

|
Observation probability P(wW™) = 5 a, (t+1)

i=1
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HMM Evauation

Observation and Forward probabilities

1
at) }n.@ 0.05 [0.017 | 0.0148

741) cy, \@ @% 0.0131

P(wt) | A0 [03]0.12 [0.057 o‘ozﬁg

“1110°

c
o

a,(t+3=4 Ps,® g, ()

P(vv“):ga‘(tﬂ)

Forward Algorithm Pseudo Code

Forward(<S,s,W,E>, wiT)  // param a;(t) denotes P(sfjw1t1)
1. begin

2. for 1£i£]|9)
3. initializea;(1) - {1ifs isstart state s, else O};
4. for LEtET{
5. for LEJE£|9{
6. initializea(t+1)- 0;
7. for 1EIi£ |9
g. ay(t+1) = ay(t+1) +P(s, wt| s)*ay(8);
10. return? a(T+l)foralsT S
11. end
9/13/00 copyright BrianWilliams, 2000 26
Wheat is the likelihood of a state?
Filtering
! Smoothing ' Prediction
Ll 10 1
[ ]
1 t
* Filtering
— Probabilities of current states ~ P(S!| wt)
 Prediction
— Probabilities of future states P(SK| wt) for k >t
* Smoothing
— Probabilities of past states P(SK| wt) fork <t
9/13/00 copyright BrianWilliams, 2000 27
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Smoothing
P(S* |w!)= P(S* [wH, W) Divide obs
=-a P(Sk |\N1'I<)P(Wk+l1 | Sk,V\/tk)
Bayes
=a P(S*|w*)P(w* | S)
Markov
[P(s* |w*) =aa, (k)b (k)|

Backward Probabilities

Backward probability b, (t) © P(w" |s")

b;(t) issimilar to a;(t)
bi f he end.
b.(T+)=P(e|s*)=1 M SatsTrom !

LSI wht Lﬁ wi-l T
bit-D=aP(s®s)b,O=aPs® sP W' |s)

=L

Observation probability P(wiT) =b, (1) = P(W" |s'=s))
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Outline

= Review

= Explanation and Learning in
Statistical Natural Language

= Decoding using the Viterbi Algorithm

= Evaluation via Forward and Backward
Algorithms

= Model learning via the Baum-Welch Algorithm
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HMM Traning
(Baum-Welch Algorithm)
Approach: Given atraining sequence wtT, adjust the HMM

state transition probabilities to make the observation sequence
aslikely aspossible.

g r a5 os
'ﬁ 'Q 'Q

¢ S ¢

5 5 N5 s

Training Sequence: w8 = 01010210
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Dedling with Hidden States

Intuitively... Problem: States are not known.
Solution: Estimate states from Model.

Problem: Transitions no longer deterministic.
Solution: Compute expected # of transitions.

Problem: Model not known.(chicken &egg)
When counting transitions Solution: Bootstrap the model:

“prorate” each transition 1. Guessamodel (transition probabilities).
by its probability. 2. Usemodel to estimate states.

3. Count estimated transitions to get model.
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Expectation-Maximization
(Baum-Welch)

Guess aset of transition probabilities.

2. while (transition probabilities improving) {

a Expectation: Usetransition Pto estimate statesP(S wiT).

b. Maximization: Estimate new transition probabilities by
counting expected # of transitions, given state estimates.}

e “improvement” measured by comparing cross-entropy after
each iteration:

=

1o - -
- _a PMrl(VVH)l()gz PM (VvlT)
n W].T
* Terminate when change in cross-entropy is less than some g.
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Estimating The Transition
Probability N

* C(s,Wy.S): The expected “count” of transitionss® s;,
during observation sequence wtT:

w, 1 W,
C(s®s)=gaatPE®s)b,(t+)
t=1

« P Estimated transition probability for S® s,
estimated from observatl on sequence Wi T: T

Ve C(s ® s)

R(s® si) SR C(s)): Expected count
aacis ® $) of transitions out of
1=1 m=1
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Baum-Welch Pseudo Code

Baum-Wedch (P, WLT, q) 1Py, © estimated P(s,wis)

1. do( Il wT isatraining sequence and qisa convergence criteria
2. forl—ij—|S|1 k—[W

3. (¢ ;1] remember old probability estimate
s corﬁ‘{%u? ; (t"j”foﬁankvaluaof l=i=|9and1=t=T

5. i and1=t=T{

6. |n|t|aJ|ze O(si W, q)-' ;

7. for 1=t=T

g- Clsi Wi, §) ~ a(t) Pya(g Wil s) b );

10. forl=i= ISH

11. initialize C(s)~ 0,

12. for 1=j=19, W

13 C(s) = &)+C(SW s)

14.  forl=j= |5\
12- Prew(§: W, §)= 0(5». Wi, §)IC(s);

16.
17. } while (maxChanged(P,e: Poa) > 4)

Baum-Welch example

Training sequenceis “01011”

1 2 3 4 5 e
e 0 1 0 1 1
a0 (4 D04 [027 [o013 [oor2 [ooss
am |0/ Joos Jo 001 |0 0
1 2 3 4 5 6
—/ N 0 1 0 1 1
b () 0.035 | 0.062 | 0.13 023 | 048 1
[ \ b |0 0.13)[0 028 |1 1
1 1 Totll _{NEWP_|
T(a0, b) Qoo@ 0 0.0052 |0 0 001 )-fage
b1 ] 0 00052 |0 00048 | 0 001 |1 \_ q@ob)
T(20a [ 0030 [0 003 |0 0 006 >toge  [~C(adb)+C(a0.a)+Clala)
T@la) |0 003 [0 003 0035 [0095) Jos8 -

Transition probabilities areinitially guessed.

3/6/00
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Notation Summary

Probabilistic transitions: )
» written as P(sy"had” |s,) =03 0oras  ps, & s,)=03

Observation sequences:
«  WLT denotes the entire sequence of observations.
e denotes the empty sequence (no observations).

States S

«  States are subscripted, s T S, where 1 =i =|3].

* Superscriptsindicate time, for example, stisthek™ state in astate
sequence.

State sequences:

* 5;(t) denotes the most likely sequence of t states that ends in state s

* s;(t-1) o s' concatenates state to the end of the sequence.

* a;(t) °aP(sw*?) denotes the forward probability at time step t of s =g
* b (t) °aP(wtT|s!) denotes the backward probability a time step t of s'=g
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Estimating Dynamic Systems

Given a sequence of observations and commands:

What is the likelihood of a particular state?
= Belief State Update: (filtering, smoothing, prediction)

What is the most likely sequence of states that got me here?
= Decoding: (Viterbi Algorithm)

What is the most likely sequence of observations generated?
= Evaluation:

What HMM most likely generated these observations?

= Learning: (Baum-Welch Algorithm, ExpectationMaximization
Algorithm)
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