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Lecture 3: Approximate AV for Low-Thrust Spiral Climb

Assume initial circular orbit, at v=v_ = L

I"0
Thrust is applied tangentially.

Call a=£.

By conservation of energy, assuming the orbit remains near-circular(v = \E] ,

;
d(m)_ \/E

dt( 2r]_a r

wdr_ e

2r? dt a\/:

%
W2 L dr 2 adt
2
When we integrate,

J'Ot" adt=Av,

and so
_M%r_% ® —_ AV
0
AV = [Ho B
ry r(t,)
or

AV=V -V, (1)

The result appears to be trivial, but it is not. Notice that the “velocity increment” AV
is actually equal to the decrease in orbital velocity. The rocket is pushing forward,
but the velocity is decreasing. This is because in a r2 force field, the kinetic energy is
equal in magnitude but of the opposite sign as the total energy (potential = -

2x kinetic).

If thrust were applied opposite the velocity (negative a), the definition of AV would
bej(:b (-a) dt, so the result in general is

AV=|Av | (2)
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For simplicity, assume now a =5= constant, which is actually optimal for many

situations. Equation (1) can be recast as

\/E-\/E:at
o r

and solving forr,

Mo o

e - 2 (3)
(1_ at] )
Jufrs Vo |

This shows how the radial distance “spirals out” in time. In principle, this says r —» «©

v o o
© , a crude indication of “escape”. But of course, the orbit is no longer “near-
a

at t=

circular” when approaching escape, so this result is not precise. One can get some
improvement for the estimation of escape AV as follows.

The radial velocity r can be calculated from (3) by differentiation. Notice that this is

in the nature of an iteration, since r was implicitly ignored in the energy balance
which led to (3). We obtain

o A 3 (@)
25

The tangential component v = rois still approximated as the orbital velocity, i.e.,

ré=\/E=\/£-at=vco(1-a—tj (5)
r r0 Vco

The overall kinetic energy is therefore

ar; ?

2 .2 2 2 2
Voo +(r6j =Yoo 1_a_t + c (6)
2 2 Veo ( at ]
1-2
VCO
The escape point is defined by its having zero total energy, i.e.,
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where
a
V = —_—
M 2
I’-O

is the ratio of thrust to gravity, a small humber for us.

Since at=AV, Equation (7) reads

AV =V, [1 - (2V)%}

esc. =

(7)

(8)

(9)

In a more rigorous analysis, the factor 24 = 1.19 turns out to be actually 0.79:

AV =V, [1 - 0.79vﬂ

(more exact)
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LOW THRUST TO ESCAPE: RESULTS OF NUMERICAL COMPUTATIONS

DEFINITIONS:

(“m)

V _ —_——
a
rO
Vco = ﬁ
r‘0
VZ
S... =S(E=0)=—-—_="= (linear distance travelled)

Q

() 2

v r0 dS esc. Vco r0 ro Vco
v14

107 8.9 0.63 0.75 50 0.89 0.79

1073 28 0.63 0.86 500 0.885 0.79

10™ 88 0.63 0.92 5,000 0.88 0.80

107 278 0.64 0.96 50,000 0.88 0.71

So, to a good approximation,

AV
(Ve 10,7944

Edelbaum’s Sub-Optimal Climb and Plane Change

Instead of optimizing the tilt profile «(6), Edelbaum (1961, 1973) just kept
| o | constant during each orbit, then optimized |« |(R)-
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+a for-g<e<g

a(o)= ;
- for F<o<>l

2 2

We still have (Equation 1)

di FR? .
— = _—"_sinacos o,
do My

but now (using a=1)

sinaf 2 cos 0d0 =2sina

(sin o cos 9)9 = : .

ERE

.<di> 2R*F .
J{(— )= ———SInNa
do

Similarly, we still have

R _ 2R’
do Mu

CoOsa

which needs no averaging.

Dividing (33) by (32) and dropping the averaging sign,

di _ tana

dR nR

We also have

dav _ F/M
R [aRY;
dt
and now
dR _FR”
——=2—-—-C0Saq,
dt M MA
dav _ 1 Ju/R?
dR 2 cosa
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(33)

(34)

(35)
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. . dAV . di
T t look f in.—— fi —_—.
o0 optimize « (R), we again look for min iR or a given iR

For the Hamiltonian

H =l H/R3 Y (ﬂ_ tanOL(R)J (36)
2cosa(R) '\ dR R

The “control” variable is a, the “stable variable” is i and the independent variable
(replacing time) is R.

The optimality conditions are

H_,
oa.
dr, _oH

drR A

(37)

and the “transversality condition”

is satisfied automatically, because i is prescribed at both ends.

From (37b),

dx,
— =0 A= tant 38
aR , =cons (38)

=+1+tan’q,

and from (37a), using

Cosa

1 /p tane A _ = Sina=2—}\‘i\/E (39)
m \n

2\VR* 1+tano 7R
Pending determination of A;, (39) indicates that the thrust tilt amplitudea increases
over the mission, so that most of the plane-change activity is deferred to the last

part of the climb, when the orbital velocity is lower.

To find A;, use the constraint on the total A, .

From (34),
= J‘Rz tana dR (40)
Rt mR
From (39),
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SO

dR _ 2d(sina) _ 2da

R sina  tana’
Hence,
L] 2
A = =d
=, S da
2
Ai = ;(az _al) (41)

A separate relationship between «, and a,comes from (39):

sina, _ R,V (42)
sina, R, v,
where vy, v, denote the initial and final orbital velocities.
Combining (41) and (42),
sin(oc1 + “Aij
—2 = ﬁ .
sina, v,
T . N N A
Cos| —Ai |+ cota, sin| —Ai | = —
2 2 v,
L-cosgAi sin~ Ai
=|cota, = Y» ° or sina, = - 2 (43)
. T .
5|n5A| \/1+(V1] -2 Y1 cos T A
v, v, 2
The most important quantity is the optimized AV.
From (35),
1 [p dR _1 RZ\F dR/R
AV = = - = — =
2R/ \R® cosa 2% VR cosa
o[ 2N 2L o 2,
:ljR i ( 1 (Zda =—1 _d? = —(cota, - cota,) (44)
2R {wsina ) cosa /| tana n ‘u Sin® T
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Putting (from 39)
2), .
—t =v,sina,,

Y

and using, analog to (43),

T, V,
cos ~i--2%
cota, = — 21,
sin ~ Ai
2
sinZAi (Vl—cosnAiJ—(cosnAi—vzj
\Y 2 2 \Y
AV = v 2 2 L
1 2 N T
\/1+[V1] -2 V1 cos T A S}TQ\AI
v, v, 2
and simplifying,
AV = \/vf + V3 - 2v,v,cos (g Aij (45)
GeometricaIIyL AV appears as the vector
v difference of vi and vz, except the angle
Z AV between v: and vz is not the actual Ai, but
gAi. The extra factor reflects the
inefficiency [ ] associated with thrusting
f y TMnssk
T Aj ! through the full 180° in each out-of-plane
2 direction.

Example

Consider again LEO (400 Km) to GEO, with
Ai=28.5";

v, =7673m/s,

v, = 3072 m/s.

From (46),

AV = \/(7673)2 +(3072)? - 2x 7673 x 3072 cos (328.5°j
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AV =5903m/s

This is noticeably worse than the true optimum Av =5768 m/s calculated for the case
when a (6)is also modulated as tan o ~ cos 6.

The initial and final tilt angles are

sin(; 28.5°J><3072
=0.3665 ——> [, =215

sina, = 2903

a, = a +§Ai o, = 66.3°

These are smaller than the peak values o, ~=30.5",0, =72.2"in this optimal
case, but, of course, they are applied for the whole half-orbit.

Lecture 3

16.522, Space Propulsion
Page 9 of 9

Prof. Manuel Martinez-Sanchez




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


