
16.522, Space Propulsion 
Prof. Manuel Martinez-Sanchez 

Lecture 4: Re-positioning in Orbits 

Suppose we want to move a satellite in a circular orbit to a position ∆ϑ apart in the 
same orbit, in a time ∆ t (assumed to be several orbital times at least). The general 
approach is to transfer to a lower (for positive ∆ϑ ) or higher (for ∆ϑ < 0 ) nearby 
orbit, then drift in this faster (or slower) orbit for a certain time, then return to the 
original orbit. 

The analysis is similar for low and high thrust, because we have radius ratios very 
close to 1, so that, in either case the satellite is nearly “in orbit” even during 
thrusting periods, and ∆ V's for orbit transfer amount (in magnitude) to the difference 
of the beginning and ending orbital speeds. In detail, of course, if done at high thrust 
the maneuver involves a two-impulse Hohmann transfer to the drift orbit and one 
other two-impulse Hohmann transfer back to the original orbit. For the low-thrust 
case, continuous thrusting is used during both legs, with some guidance required to JG
remove the very slight radial component of v  picked up during spiral flight (although 
ignored here). 

We will do the analysis for the low-thrust case only, then adapt the result for high-
thrust. 

Let δϑ  be the advance angle relative to a hypothetical satellite remaining in the 
original orbit and left undisturbed. The general shape of the maneuver is sketched 
below: 

Since the orbital angular velocity is 

Ω = 
µ 
3

, 
r 

its variation with orbit radius is 
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3 
Ω

δ r d (δϑ )
δΩ = - =  (1)

2 r  dt  

During thrusting, δ r is varying according to 

d ⎛ µ ⎞ F 
r ⎝ 

a =  
M ⎠

⎟ (2)
dt ⎜⎝ 

-
2r ⎟⎠ 

≅ 
M

v ≅ a 
µ ⎛ F ⎞ 

⎜ 

or 

µ dr 
≅ a 

µ
→ 

1dr 
=

2ar 1 2  

(3)
2r2 dt r rdt µ 

and so 

d (δΩ) d2 (δϑ ) 3 2ar1 2  3a 
= = - Ω = −  (4)

dt dt2 2 µ r 

For integration, we will regard r ≅ r0 as a constant (small variations): 

d (δϑ ) 3a 
+= - t  constant  (5)

dt r0 

Starting from t =  0, δϑ  = 0, 
d (δϑ ) 

= 0,
dt 

we obtain 

d (δϑ ) 
= -

3a
t ; δϑ = -

3 a
t2 ( t < t1 ) (6)

dt r0 2 r0 

After (t=t1), we continue to drift at a constant rate 

d (δϑ ) 3a 
= - t1
dt r0


and, since we start from 

δϑ ( )  3 a 2t =  - t1 ,1 2 r0 

the δϑ during the coasting phase is 

t1 ⎞δϑ = -
3 a

t1
2 -

3a
t1 ( t - t1 ) = -

3at1 
⎜
⎛ 
t - ⎟ (7)

2 r0 r0 ⎝ 2 ⎠r0 

-At the end of coasting ( t =  ∆ t  t  ) , we have then 1 
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3 ⎞δϑ (∆ t t  ) = -
3at1 

⎜
⎛ ∆ t - t1 ⎟ (8)­ 1 2 ⎠r0 ⎝ 

and, after the period t1 of reversed thrust, we return to the initial orbit with 

0
d (δϑ ) 

= ,   and with δϑ  as in (8), plus a further δϑ ( t1 ) . dt 

This is then the total ∆ϑ :

3at1 
⎜
⎛ ∆ t -

3 ⎞ 3 a 2∆ϑ = -
r0 ⎝ 2 

t1 
⎠
⎟ - 2 r0 

t1 

∆ϑ = -
3at1 (∆t - t1 ) (9) 

r0


Clearly, the mission (given ∆ϑ and ∆ t ) can be accomplished with different choices of 
thrusting time t1 (but notice that t1  < ∆ 2t  in any case). The required thrust/mass 
ratio (a) and ∆  V=2 t1depend on this choice: a 

1 r0∆ϑ
-a = 

3 t1 (∆t - t1 ) 
(10) 

2 r0∆ϑ
∆ V =  

3 (∆t t1 ) 
(11) 

-

We can see here that low thrust ends up as a penalty on ∆ V , so that the thrusting 
time should be selected as short as possible within the available on-board power. 
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In the limit of impulsive thrust, we realize that t1 cannot really be any less than the 
π

Hohmann transfer time (1 2 orbit, or t = ). A more detailed analysis of this case 1 Ω 
confirms that, for the high thrust case, Equations (10) and (11) are indeed valid 
with t1 π= Ω . 

The power per unit mass required is: 

F c  a cP 1 
= = 

M 2η	 M 2η 

P 
=

1 r0∆θ c


-
M 6η t1 (∆t  t  1 ) 

It is useful to express results in terms of the coasting time, 

t = ∆t - 2t1c 

-	 +∆t t 	 ∆t  t  c	 c-t1 = 
2 

⇒ ∆t  t  1 = 
2 

, 

2

c
-t1 (∆t  t  ) = 

∆t2 + t 
,1 4 

We then have  

4 r0∆θ
∆V = 

+3 ∆t  t  c 

P 
=

2c r	0∆θ

2 - 2
M 3η ∆t  t  c 

coasting reduces ∆V , but increases P M (not much if tc ∆t  is small). 

Sun-Moon Effects on a Geosynchronous Orbit – The N/S Drift 

Geosynchronous orbits are in the Equatorial plane, which is inclined 23.44D  to the 
plane of the Ecliptic (path of Earth around the Sun). Because of this, the tidal or 
gravity-gradient forces exerted by the Sun on a geosynchronous spacecraft will 
sometimes exert a “torque” on the orbit. This happens primarily at Solstice (January 
and July) when the orbit dips the most out of the Ecliptic: 
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If r is the relative position vector of the spacecraft, and s is the unit vector from the 
Sun, the Tidal Force (Gravity gradient) per unit mass is 

JG 
(G G G  G

f =
µs ⎡3 r.s  s  − r⎤ (1))3 ⎣REs

⎦ 

(This the imbalance between solar attraction and centrifugal force, which cancels on G G 
the Earth, r = 0 ). Of this, the r part gives no torque about the Earth’s center. To G G 
compute the effect on the orbit, we “smear” the torque r f about the× 
geosynchronous orbit, and calculate an orbit-average torque (per unit mass): 

JG  1 2π G G
×q = 

2π ∫0
r f d  θ (2) 

JG  3µ 1 2π G  G G  G
q = 

3 
s (r.s ) (r × s) dθ (3)

REs 2π ∫0 

We project onto a set of axis (x, y, z) as defined in the sketch (fixed axis): 

x⎧ ⎫  ⎧cos  θ ⎫G ⎪ ⎪ ⎪  ⎪  yr =  ⎨ ⎬ = RG ⎨sin  θ cos  γ⎬ (4) 
⎪ ⎪  ⎪
⎩ ⎭  ⎩sin  θ sin  γ ⎪z ⎭ 

where RG is the geosynchronous orbit radius (42, 200 Km) and γ = 23.44 D  is the 
angle between the equatorial plane and the ecliptic. 
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Also 

⎧cos ψ⎫G ⎪ s =  ⎨sin  ψ ⎪ (5)⎬

⎪

⎩0 ⎪

⎭ 

So that 

G G
r.s = RG (cos ψ cos θ + sin ψ cos sin θ) (6)γ 

⎧-sin ψ sin γ sin θ ⎫G G ⎪ ⎪×r s = RG ⎨cos  ψ sin  γ sin  θ ⎬ (7) 
⎪
⎩sin ψ cos θ - cos ψ cos sin θ⎪γ ⎭ 

In performing the averaging of Equation (3), we keep ψ (approximately) constant. 
The Earth does not advance much in its orbit in one day. Also, of course, γ is 
constant. When (6) and (7) are multiplied together we obtainsin θ and cos θ 

quadratic combinations, and we use 

1 2π 1 2π 2π 1

d d  d


2π ∫0 
sinθ cosθ  θ = 0 ;

2π ∫0 
sin2θ θ =  

2
1 
π ∫0 

cos2θ θ =  (8)
2 

and therefore the mean torque is 

JG 3 µ
⎧- cos  γ sin  ψ⎫ 

q = 
3
S 2 ⎪ ⎪RG sin γ sin ψ ⎨cos γ cos ψ ⎬ (9) 

⎪2 R
ES ⎩sin γ cos ψ ⎪

⎭ 

This torque will precess the geosynchronous orbit by changing its specific angular G G G 
2momentum A = RG ω n  (nG =unit vector along the Geographical North G G 

direction, ωG = 
2π 

rad s ).
86400

We are interested in the long-term (secular) effects. For times much longer than 
1
2year, we can also average the torque over the angle ψ . Noticing that, as before, 

sin ψ cos ψ = 0 , 

sin2 ψ =
1

,
2


1
⎧ ⎫JG 3 µs 2 ⎪ ⎪  q = −  R sin  γ cos  γ ⎨ ⎬  (10)0

sec ular 4 R3 G 

⎪ ⎪ 
ES 0⎩ ⎭  

16.522, Space Propulsion Lecture 4 
Prof. Manuel Martinez-Sanchez                  Page 6 of 10 



This shows a non-cancelling effect consisting on a mean torque which acts along the 
(negative) vernal equinox direction (as shown in the sketch): 

J JG 
The effect of this torque along (-x) is to add a small 

d 
dt 
A

 to 
G 
A , along (-x), and hence 

to rotate (precess) the orbit along the axis perpendicular to the vernal direction, as 
shown. 

In magnitude 

JJG GdA di  2= A = RGω di  
(11)

dt dt G dt 

JG
and equating to q  from (10), 

⎛ di ⎞ 3 µs sin γ cos γ 
⎜ 3 

(12)
⎝ dt ⎟⎠sun 

= −  
4 R

ES 
ωG 

Or, since the angular frequency of the Earth’s heliocentric motion is 

= ,ωΕS R 
µ 
3
s 

ES 

2⎛ di ⎞ 3 ωΕS
⎜ sin γ cos γ 
⎝ dt ⎟⎠sun 

= −  
4 ωG 

(13) 
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Numerically, expressing ωΕS and Gω ), in ( deg yr 

2 ⎤⎡⎛ di ⎞ 3 (360 )
⎢⎜ 

D 

⎢⎝ dt ⎟ = −  
4 360 × 365)

sin23.44 cos 23.44 D = −0.27 D yr⎥ 

⎣ ⎠sun ( ⎥⎦ 

The Moon effect is similar, except that the Moon’s orbital axis which is inclined at 
5.15D  with respect to sidereal North, precesses slowly about that direction (once 
every 18.6 yr.). This means the angle between the Equator and the Moon’s orbit 

D D Dvaries between γM = 23.44 + 5.15 D = 28.59 D and γM = 23.44 - 5.15 D = 18.29 . 

⎛ di ⎞The expression for 
⎝ dt ⎟⎠moon

is similar to (12); ⎜ 

⎛ di ⎞ = −
3 µM sin γ cos γ (14)⎜

⎝ dt ⎠
⎟ 
moon 4 R3 m m 

EM 

and 

⎛M 
R 
µ µM µE = ⎜ 

m ⎞ 2 (15)

3
M =

µ R3 ⎟ ωΜΕ


EM E EM ⎝ ME ⎠


M 1mwhere =  is the Moon/Earth mass ratio, and ωΜΕ  is the angular velocity of 
81.3 ME


 days). 
πthe Moon about Earth (about 2 28  

We then have  

⎡ ⎛ 365 ⎞
2 ⎤ 

⎢ ⎜360 
28 ⎠

⎟ ⎥
di ⎞ 3 1 ⎝⎢⎛ sin23.44 cos 23.44 D = −0.56 D yr ⎥ (16)⎥ 

⎢ ⎥ 
⎢ ⎥⎦ 

⎢⎝
⎜ dt ⎟⎠moon 

= −  
4 81.3 360 × 365 

D 

⎣ 

This is for the average  in the 18.6 yr. lunar precession cycle. γM 

At the peak of γM , 

⎛ di ⎞ 

⎝ dt ⎟⎠moon 

= −0.65 D yr ,⎜ 

and at the minimum, 

⎛ di ⎞ 

⎝ dt ⎟⎠moon 

= −0.46 D yr .⎜ 

Adding these values to the solar rotation (both act in the same direction) yields 
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⎛ di ⎞ 

⎝ dt ⎟⎠Total 

= −0.83 D yr  (Maximum=-0.92, Minimum=-0.73) (17)⎜ 

This can be easily translated into an equivalent ∆V: 

∆V=vG∆i; 

vG =
µE = 3070 m/s  
RG 

∆V=44 m/s yr  (Maximum=49, Minimum=39) (18) 

What is the effect of i if left uncompensated? 

i 

� 

� 

ROTA
TE

D 
ORBI

T 

� 

EQUATORIAL 
ORBIT 

Using some spherical trigonometry, 

sini sin θ
sin λ = (19)

21 - sin i cos2θ

(1- cos i sinθ cos θ 
(20)

)
sin ε = 

21 - sin i cos2θ 

and for small rotations i, 


λ � i sinθ (21) 


SOLSTICIAL 
AXIS ε � i2

sin θ cos θ (22)
2 

So, during one day (0< <360 D ), the orbit describes, as seen from the ground, a θ 
figure 8 in the sky, about its nominal position: 
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The main deviation is λ (N/S direction), and this is called a “N/S drift”. Typically, 
Dcommunications geosynchronous satellites can only tolerate 0.05 D − 0.1  of such drift 

before correction is needed. 

16.522, Space Propulsion Lecture 4 
Prof. Manuel Martinez-Sanchez                  Page 10 of 10




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


