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Lecture 15: Thrust Calculation (Single Grid, Single Potential)
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Bohm velocity: Why?

L7

i—‘l.-"-"ull charged
negatively, or
- facing extractor

collisional “drag”

nmv; ﬁ + ﬁ =enk, -F,
dx dx

n.mMy; Ve +d£ =-enE, -B/
dx dx

small small

not near wall, n, =n.

Add:
constant
/N dv,  d(P,+P
n.myv; v + M =-F, and
dx dx
d 2 ~
—(n,mv? +P, +P) =-F, P +P
dx i
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The lines kTe5 and mJIv, must
v

cross at v, = I:]-e , Where their

Subsonic sum is minimum.

So, no solution at

KT,
v, > =V,
m

Ions accelerate to v, = v, in the quasineutral plasma. Beyond that, n, <<n, ,E

becomes very strong, and ions just free-fall to wall (in the sheath) so, entering
sheath, v, =v;.

How big is the sheath?

sheath |
i

Pre-sheath

In sheath, say n, =0

%
Child-Langmuir: j =enyv, = ﬂso / e V.

9 \m &

But also

a2 [e V2 _ KT,
TSO ~ 2 - er‘eSh
M s o
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9 fkT n, ene
n, =n exp[_1
€gp 2
ev, %
o=
96/ (kTeJ

1.018  dpebye

T, (K) 3x11600
doope =69 |—2 ~ 69,2220 = 2.4x10°m = 24
Pebye n. (m?) 3x10Y m hm

e

If wall not biased (insulator),

eV, ~ kT, {m /1) s 5 =5%d, ~3d,
me

For sheath in front of extractor grid, V, ~1000V 5 =78d,
KT,
e

5 =1.9mm

i ~2mm
plasma | g

This approximately sizes the extractor holes.
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If holes much bigger than 3§, If much smaller, ions lost
plasma would escape to grid

Space charge effects in the accel-decel gap

For 0 < x<d,,

Note: Slope here not necessarily zero.

V= vé—@
mi

_Mia 2

¢—£<Vo V)

dp = -—vdv

m
2 v - ')&dV

l(ﬂ) =cC- J € =c-im(v V):C-i—' A VS_@
2 dx &g v, g € g, €
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v 2;"
) 2l R
"R

= ¢, then all profiles follows.

2e(V; - 9)

2c- 2jm. [\/ZevT }
€,€ m,

m

\'

In the limit when the second gap becomes choked as well, (as in the case with no
decel grid, in which case d,is the downstream sheath thickness)

(%J =0=rc= m[
dx J,q, €,€

(¢= Vi _VN)

Then

Vr-Vy

do

2eV;

2eV
m.

d, =

2eV,

Change again variable:

2e(Vr - 9)

m.

=V

m.
d¢ =-—vd
¢ evv
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Appendix B
ELECTRON DIFFUSION IN A MAGNETIC FIELD

1) No B Field

In electron momentum balance, main forces are pressure gradient and collisional
retardation (no inertia):

VP, = -n,m_Vev,

e

(1)
Also

P, = nkT,,
VP, = KT, Vn,.

Solve for flux:

N.Ve = -—2-Vn (2)

This is Fick’s law of diffusion

n.ve = -D_Vn_, with a diffusivity

e (3)

(v, = D njEeQeJ , collision frequency)

2) With B(L to VP,)

Add magnetic force:
VP, =-n,m_Vev, - en Ve X B (4)
To solve for n_ve, form

VP, xB =-m_vn Vexﬁ-ene(vexﬁ)xﬁ,

e’'e ‘e

and use 0
(Ve xB) B = E@A-Bzve.

Eliminate (Ve X E) between these two equations, simplify:
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NOTE: This leaves the E field out. To include it, just replace vn, by vn, +

Define the nondimensional factor

€8 _ o

B=
MV, Ve

(Hall parameter)

eB .
where o = — is the cyclotron frequency for electrons.
m

e

Then

— 1
neVe =
1+ p?

(—DeVne -Bx DeVne)

Of these two terms, the second is perpendicular to both, B and vn,, and is called

the “VP, x B drift”. The main interest is on the first term, which is along -vn_, as a

regular diffusion.

We see that this “cross-field diffusion” is governed by n_ve = -D,vn_, with

(5)
en, =
KT,
(6)
(7)
(8)

So, a high Hall parameter B can greatly reduce diffusion, compared to that in the
absence of a magnetic field. High B means both, high B and/or low collision

frequency.

In an ion engine, with T, = 4eV = 46400 K, the e-n and e-i cross-section are roughly

Q,, =10 m?,
Q. =4x10" m?,
and

T
m

e

I
3|00
~

If also n, = 2.8x10" m?,
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n,=7.4x10" m?,
then

v, =7.4x10"%x1.34x10°x10"° =9.9%x10° 5!

v, =2.49%10° s
vy =2.8x107 x1.34x10° x4x 10" =1.50x10° s*

At a point in the engine where B = 100 gauss = 0.01 Tesla,

-19 -2
o, = LOXIOT X107 ) o0y 100 st = p= O =706 >> 1
0.91x10 v

e

Under these conditions, (8) reduces to

Di = &
p
or
_ kT, v, KT, v
* m, vi +co§ m, o

This last form shows that collisions favor diffusion. In contrast, recall Equation (3),
(no magnetic field, or B << 1), which shows that in that case, collisions impede

diffusion, Equation (10) also shows that D, scales as iz:
B

and so, increasing B should provide very strong confinement of electrons. With the
given numbers, we find

b = Kl _ 1.38x10* x 46400
© myv, 0.91x10% x2.49x10°

=2.83x10° m?/s

and

_ 2.83x 10°

=0.57m?/s
+ 7062 /

A diffusing substance spreads (in 1-D) roughly as x ~ 24Dt . So, to spread by 1 cm,
electrons would require a time
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2 4 2
t~ 2= 10 m _45x10%s
4D 4x0.57x10" m“/s

It turns out, however, that electrons can diffuse faster than this in most cases. The
physical reasons are apparently related to the “equivalent collisionality” produced by
scattering of the electrons by small-scale plasma density fluctuations which are
almost always present. This is the same situation that has kept

tokamaks from delivering fusion power (only in that case it is the H* ions that “leak

through” the confining B field).

Bohm obtained an empirical expression (with some theoretical guidance) for this so-
called “anomalous diffusion”

kT
D =_-€e 11
Bohm — 16eB (11)

and experiments in ion engines and Hall thrusters appear to confirm the 1/B
dependence, but also seem to indicate a somewhat smaller diffusivity magnitude.

An often used expression is

D = KT (cs ~16-100) (12)

anomalous
c,eB

It is of some interest to see what collision frequency would produce the same
diffusivity as these fluctuations:

\PQ:S = m;k{& Vanomalous =|v =&

- 2 YA anomalous
ceB. e B Cy

(13)

and so c; can be thought of as the “Anomalous Hall Parameter”. For modeling

purposes, one often adds together v_ <o T Vanomaious 1N Calculating diffusivity D, by
Equation (10).
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