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1 Motivation

The Poisson problem has a strong formulation;
a minimization formulation; and a weak formulation.

The minimization/weak formulations are more general than the strong
formulation in terms of regularity and admissible data.

The minimization/weak formulations are defined by: a space X; a bilinear
form a; a linear form £.

e The minimization/weak formulations identify

ESSENTTAL boundary conditions,
Dirichlet — reflected in X;

NATURAL boundary conditions,
Neumann — reflected in a, £.

The points of departure for the finite element method are:
the weak formulation (more generally);

or
the minimization statement (if a is SPD).

2 The Dirichlet Problem

2.1 Strong Formulation

Find w such that

in
onT’

2
—Vu =
u =

SR

The boundary condition u = 0 is denoted “homogeneous Dirichlet.” We consider
Neumann boundary conditions (g—z imposed) in Section 3, and inhomogeneous
Dirichlet boundary conditions in Section 4.

where
8? 0?2
2 -_— — —_—
V= Oox? + Oy

and Q is a domain in R? with boundary T.
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In general, we require that Q be “Lipschitzian.” We recall that a function of
(say) one variable, w, satisfies a Lipschitz condition if there exists a constant
K such that |w(z) — w(y)| < K|z — y| for all z,y of interest. A domain Q is
Lipschitzian if the boundary ' at any point admits a locally Lipschitzian repre-
sentation — it can’t be too wiggly or singular. Note also that, unless otherwise
indicated, we will be speaking of open domains Q (e.g., Q = (0,1), which does
not include 0 and 1); the closure of such a domain will be denoted Q (e.g.,
Q2 =[0,1]).

2.2 Minimization Principle

The finite element method is not based on the strong form, but rather a min-
imization statement or, more generally, a weak formulation. We must thus
develop and understand these formulations before proceeding with the finite ele-
ment method.

2.2.1 Statement
Find

u = arg glelgl( J(w)

where

X = {v sufficiently smooth | v|p = 0},

X here is a linear space, the precise definition of which will be given shortly; we
shall also make “sufficiently smooth” precise during the course of this lecture.

and
1
J(w)_§/QVu1]1:J-FdeA—/wadA.
Note 1 Notation

We explain here some of the notation that we will be using. First arg min
means “the argument that minimizes,” that is, the minimizer (as opposed to
the minimum). The symbol € means “in the set (or space) of”; C means “a
subset or subspace of”; V means “for all”; 3 means “there exists”; | (and s.t.)
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means “such that.” Also, |J and [ indicate “union” and “intersection,” and \
means “set minus” (i.e., A\ B is A with B removed).

Note 2 Functionals

A functional takes as input a member of a set or space (here X), and returns
a scalar. We summarize this in the case above as J: X — IR, which means
J takes as input a member of X, and yields as output a real number. More
generally, the notation W: X — Y means that W is a function (or application)
from X, the input (domain) space, to Y, the output (range) space; if Y is R,
W is a functional.

In words:
Over all functions w in X,
u that satisfies

-Vu = f in Q
u = 0 onT
makes J(w) as small as possible.

We give a geometric picture in the next lecture — J(w) is an infinite dimensional
paraboloid, the bottom of which occurs at w = u and takes on the value J(u).

Note 3 Physical interpretation

There are many cases in which this minimization principle (also known as
the Dirichlet principle) has a meaningful and intuitive significance — often an
“energy statement.” For example, if u is a velocity potential for incompress-
ible flow, then (say for f = 0 and inhomogeneous Dirichlet conditions — see
Section 4) J(w) is the kinetic energy, and minimizing J thus corresponds to
minimizing energy. However, there are also cases (e.g., if u is temperature) in
which a physical interpretation is rather strained, more of an a posteriori jus-
tification than any particularly useful perspective. For our purposes here we
need only the mathematical properties of the minization principle; the physical
interpretation is not central.

2.2.2 Proof
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Let w =u +v.
Then

Jt\u,_ﬂ— v ) = %/QV(u+v)-V(u+v)dA

—/Qf(u+v)dA.

Note u|r = v|r = 0, which ensures that w|r = 0, and hence is a member of X.
Recall that w|r means w restricted to I', that is, evaluated on I'.

Ju+v) = %/QVu-VudA—/qudA J(u)

+/ Vu-VvdA—/ fvdA 0J,(u)
Q Q

first variation

1
+§/ Vv -VvdA >0forv#0
Q

We can think of J(u+v) as a “Taylor” series about u. Since J is only quadratic,
it is not surprising that J(u+v) contains a constant term, a linear (inv) term (a
“gradient”), and o quadratic (inv) term (a “Hessian”) — and then terminates.

0Jy(u) = /QVu-VvdA—/vadA

/V-(vVu)dA—/ UV2udA—/ fvdA
Q Q Q

//50 Vu-ﬁd5+/ v{=V?u — f}dA
T Q T

=0, VveX

We know the gradient of a function vanishes at its minimizer; it is thus not sur-
prising that the first variation of a functional (the gradient times a test function)
vanishes at its minimizer. Here 1 is the unit normal on T.

Note 4 Gauss and Green’s Theorems

Much of our analysis here is based on humble integration by parts, which in
higher space dimensions is essentially one of Green’s Theorems. The necessary
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result is demonstrated most easily in indicial notation. In particular, we note

that
2
o0y (22 e 2 Y
Q 6.%']' 6iL'j Q 81']' 6iL'j 81’j61’j
Ou 0%u
el _ A
/F v 9z, n; dS /Q v@:cj(')a:j d

/vVu-deS—/ vV3udA ,
T Q

where we have used Gauss’ Theorem to convert the volume integral into a surface
term. Note we adopt the convention of summation over repeated indices, here
from 1 to 2 since we are in IR?.
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J(u+v) =J(u) + /Vv-VvdA,VvEX
Q
w —

> 0 unless v = 0

J(w) > J(u), Vwe X, w#u
= 1I

w is the minimizer of J(w)

What PDEs admit such o minimization statement? PDEs associated with oper-
ators that are SPD (symmetric positive definite). We define this more precisely,
and indicate how the FEM (finite element method) proceeds in the absence of
this property, in a future lecture. For now, we focus on the simplest case —
almost all of which turns out to be directly relevant to the more general case.

We could also derive the result above by applying the general machinery of the
calculus of variations. In this sense, we may view —Vu = [ as the Euler or
Euler-Lagrange equations associated with minimization of the functional J.

> Exercise 1 Consider the problem —ugz, = 1,0 < z < 1, u(0) = u(1) =
0, with solution v = $z(1 — z). Show by explicit calculation that §.J,(u) =

fol gV — v dz = 0 for all (smooth) v such that v(0) =v(1) =0. =
2.3 Weak Formulation

2.3.1 Statement

Find u € X such that
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[07,(u) =0, YveX

o
/Vu-VvdAz/fvdA, Yve X| ;
Q Q

see Slide 9 for proof.

This equation has a great deal of structure which we cannot obviously see in
this explicit statement. We thus digress to some more general mathematical
definitions so that we can present a more succinct restatement. Note that the
weak formulation of a PDE, in which we introduce a test function v to “absorb”
some of the derivatives, will always ezist (indeed is more general than the strong
statement) even when no minimization principle is available — that is, even
when the problem is not SPD. The weak formulation is thus the most general
point of departure for the finite element method.

Note 5 Du Bois-Reymond lemma

In fact, we have already derived the weak statement: we know from Slide 9
that if u satisfies —V2u = f in Q, u|r = 0, then 6J,(u) = 0, Vv € X; the latter
is simply (defined to be) the weak statement.

We might ask whether we can go “the other way,” that is, show that if
u € X satisfies 6.J,(u) = 0, Vv € X, then u satisfies —V2u = f in Q. Yes: By
integration by parts we know that

0
/Vu-VvdA://ﬁ‘ Vu-hdS—/ vViudA ,
Q r Q
and thus

/Vu-Vv—fvdA:/v{—Vzu—f}dAzo, VveX.
Q Q

Now assume that —V?u— f does not equal zero at some point; we can then take
v nonzero localized about this point, which contradicts 6J,(u) = 0, Vv € X.
We thus conclude that —V?u = f in Q; this is known (in certain circles) as the
Du Bois-Reymond lemma.

2.3.2 Definitions SLIDE 12



Linear space, Y:
A set Y is a linear (or vector) space

if
Vui,va €Y, v +v2 €Y
VaeR, Vwvey, aveY
SLIDE 13
Linear forms, L(v):
L:'Y - R (form or functional)
-
input output
L(owy +v2) = aL(vy) + L(vs)  (linear)
VaeR, Vv, eY. SLIDE 14
Bilinear forms, B(w,v):
B:YXxZ—-R (form);
B(w, ) linear form in w for fixed 7 ,
B(w,v) linear form in v for fixed w  (bilinear) .
Note that B: Y x Z — R indicates that B has two inputs (arguments), the first
from the space Y, the second from the space Z; the output is a real number. SLIDE 15
SPD bilinear forms, B(w,v):
B: Y xY — R is bilinear ;
B(w,v) = B(v,w) SPD;
B(w,w) >0, YVweY , w#0 SPD .
2.3.3 Restatement SLIDE 16
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a(w,v):/ Vw-VvdA, Yw,veX
Q



an SPD bilinear form
and

£(v) :/ fvdA, VveX
Q
a linear form .
> Exercise 2 Prove that a is indeed an SPD bilinear form over X. Hint:

you must use the boundary conditions. (Note a is SPD because the underlying
operator is SPD.) m

Minimization Principle:

o1
u = arg min o a(w,w) — L(w) .

| —
J(w)
Weak Statement: u € X,
a(u,v) = £(v), VveX.
—_———

& 8Jy(u)=0

> Exercise 3

(a) Show that if J: Y — R is defined by J(w) = La(w,w)—{(w) for any SPD
bilinear form a and linear form £ over Y, then the minimizer u satisfies
a(u,v) = £(v), Vv € Y. (In this way, given a weak statement, one can
“anti-variation” to find J.)

(b) Take Y = R™, and thus show, by appropriate choice of a and ¢, that
the minimizer u € Y of J(w) = w”Gw — wTF — for any SPD matrix
G € R™™ and F € R™ — satisfies Gu = F.

2.3.4 Proper Spaces: ue X

Since a involves only first derivatives ,

X = fve H'(Q) | vl = 0} = HY(Q):

HI(Q)E{U|/Q’I}2dA, /QvidA, /QUZdAﬁnite};
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(w, ’U)Hl Q)
N———

inner product

1/2
2 2
lwllzs (/Q IVwl? + w dA) _

norm

/Vw-Vv+wvdA;
Q

Important theoretical and numerical implications.

Note 6 Important spaces, inner products, and norms

Hilbert and Banach Spaces

A Hilbert space is a linear space Y with which we associate an inner product
(,-)y — this is simply an SPD bilinear form — which then induces a norm,
|lwl]ly  (w,w)? n fact, what we ha e ust described is an inner product
space a Hilbert space is a complete inner product space; by completeness we
mean that any auchy se uence ( Y such that || 13% as

) con er es to a member of ¥

A Hilbert space is a special case of a anach space , which is a (complete)
normed linear space  he norm || -|| associated with a anach space is not, in

eneral, induced from any bilinear form, but must still satisfy certain conditions

(the conditions we intuiti ely associate with any measure of len th )

[l woo,w=
I wll = [ Hwll, ,owo
l[w + o]l llwll " + [lv]] woo, v,

the last bein the trian le ine uality (the shortest distance between two points

)

t can readily be shown that a norm induced by an inner product automat
ically satis es the abo e conditions he trian le ine uality is pro en with the
help of the auchy Schwar ine uality, which states that for an inner product

¢y,
(w,v)y  [lwlly [[olly -
e i e the proof here
(w,v)y * (w (w,v)y (w,v)y )
Y

v = eV, W 5 U
lolls lloll3

w
Iy~ v

(w,0)y | (w,0)§
oy Illl¥

[lwll3

(w,v)¥
llvll3

= w5 ;
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