Discretization of the Poisson

Problem in IR': Formulation

April 2, 2003



1 Model Problems

1.1 Dirichlet
1.1.1 Strong Form

SLIDE 1
Domain: Q=(0,1) .
Find u such that
gy = f in Q
w0 = wu(l) = 0 ’
for given f.
1.1.2 Minimization Statement
SLIDE 2
Define X = H(9) .
Find
u = arg min J(w)
where
1t 1
J(w) = = / widm—/ fwdzx .
2 Jo 0
This follows from the previous lecture, noting that dA is now dx, and Vw is
NOW W .
1.1.3 Weak Formulation
SLIDE 3

Find v € X such that
0Jy(u) =0, Vve X
(3

1 1
/umvzd.r:/fvdrc, YVve X .
0 0

Again, this follows from our earlier lecture with Vu - Vv now given by uzv,.



1.1.4 Notation

1
/ Wy Vg dT
0

Lv) = /Olfvdx.
1

Define a(w,v)

Minimization: u = arg min - a(w,w) — {(w)
weX 2

Weak: ‘uEX: a(u,v)zf(v),VveX‘

1.1.5 Generalization

For any £(v) € H1(9),
find u € H}(Q) such that

1
w=arg min s a(w,w)—~L(w); or
g, min % o, w) — ()

a(u,v) = £(v), Yo e Hy(Q) ;

for example, £(v) = (0z,,v) = v(zo) is admissible.

As indicated earlier, the delta distribution is not admissible if Q C R2, as can
be motivated by considering the Green’s function.

1.1.6 Regularity

If ¢ e H1(Q),
llull zr @) < C lllla-1(0) -

If £ € L2(9), E(U):/1 fodzx
0

llull 2y < Co llfllz2c) -

1
Recall [[v|[32(qy = V|32 () + I3y = fo vEe + 02 +0? da.

Note 1 Regularity

If ¢(v) = fol fodz, with f € L?(Q), we immediately obtain from |ul| g1 (q) <
C|4|| -1 (@) that [|ullg ) < C|Ifll2(q), since the H~' norm is always bounded
by the L? norm (there is “more” in the denominator). But from the strong form
—Uugze = f we can see that |u|m2(q) < ||fl[z2(). It thus follows that Cp in the
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above slide is (1 + C?)'/2. This can also be shown by explicit construction of u
(see Lecture 2 from earlier in the course).

The fact that u is regular when f is regular (and in IR?, the domain is suitably
regular) has very important implications as regards the convergence rate of the
finite element method and the construction of a priori and a posteriori error
estimates.

1.2 “Neumann”
1.2.1 Strong Form

Domain: Q=(0,1) .
Find u such that

—Uyy = f in Q,
u(0) = 0,
ua:(l) =9,

for given f,g.

1.2.2 Minimization Statement

Define X ={ve H'(Q) [v(0)=0}.

Find
u = arg min J(w)
where
1ot !
J(w):—/ wﬁdm—/ fwdr —gw().
2 Jo 0

This follows from the previous lecture, noting that [.x g v dA is here just
gv(1l). We can also show this explicitly by integrating by parts to find 6J,(u) =

Jo v {—uge — [} da +v(1){us(1) — g} =0, Vv € X.

1.2.3 Weak Statement
Find v € X such that

1 1
/uzvzdmz/fvd:u—kgv(l), Vve X .
0 0
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1.2.4 Notation

1
Define a(w,v) = / Wy Vg dT
0
1
Lv) = / fvdz+go(l).
0
Minimization: u = arg min o a(w,w) — £(w)
Weak: ‘ueX: a(u,v) =L(v) ,, Vve X ‘
Note 2 Neumann and delta distributions (Optional)

We note that, in IR!, our Neumann condition looks exactly like a delta
distribution forcing at the boundary, x = 1. This is fine, since we know the
delta distribution is an admissible (bounded) linear functional, that is, is in the
space H1(Q), for this one-dimensional problem.

We know that in the interior a delta distribution imposes (weakly) a jump
in the derivative (see Note 10 of last lecture). On the boundary, it imposes
(weakly) the value of the derivative itself — since there is no “other side” to the
jump.

2 Rayleigh-Ritz Approach

2.1 Approximation
2.1.1 Mesh

Note our default problem is the Dirichlet problem; we shall explicitly indicate
Neumann when we wish to consider that problem (primarily in the exercises).

z=0 — i R e z=1

/\/Y T T T T Y\,\ T T #\I\
To Tl Tk T Tn+41
h h

K
ﬁ:UTfL T,'f, k=1,...,K =n+ 1: elements

k=1 z;, 1=0,...,n+1: nodes
Note 3 Triangulations Ty,

The above decomposition is known as a triangulation, Ty, even though in
IR! our elements are not really triangles (though they are simplices — which are
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segments in IR!, triangles in IR?, and tetrahedra in IR®). In general, a triangula-
tion T refers to the collection of elements (segments, triangles, quadrilaterals,

..) TF, the union of which reconstitutes the original domain 2. Note the
elements are open, so in fact  (the closure of ) is the sum of the closure of
the T}. As in finite differences, we also have nodes — which will play a central
role — but it is the elements that define the approximation.

In general, we may consider non-uniform meshes in which the elements are
of different lengths, or “diameters,” h*. In this case the h which appears in 7y, is
the maximum diameter over all elements. It is important to remember that we
will in fact be concerned with a sequence of triangulations 75 with h — 0. We
say that our sequence of triangulations is quasi-uniform if the ratio Amin/hmax
over T, is bounded from below as h — 0; we shall always assume this to be the
case. In higher dimensions we will also define a regularity hypothesis related to
the shape of the elements.

There is another way to describe elements and triangulations in which T}
shall refer to any particular member of 7, — that is, the enumeration and k
superscript above is left implicit. This is often more convenient for describing
various approximations. In terms of this abbreviated notation, we have that

where T}, € T}, indicates to take the union over all elements.

2.1.2 Space X;, C X
SLIDE 12

Xh:{veX "U|T: e P, (Th), k=1,...,K}

Recall that 1)|T}x: means v restricted to T¥. Thus the above says that a v in X,
must be in X = HJ (), and must be piecewise-linear — P1(D), D C Q, is
the space of linear polynomials over D — on each element. We can also write
Xp={veX|vln, € Pi(Th), VI, € Tn}.

v € Xp piecewise linear

N 7
v(0) =0 v(l) =0

v continuous



Note 4 Continuity of v in X

It is clear that if v € X}, then since X, C X (X}, is a subspace of X — any
member of X}, is a member of X because X = {v e X|---}) v(0) =v(1) =0—
all members of v in Hy () (and hence X, C X) vanish at z = 0 and z = 1. But
X}, C X also tells us that v must be continuous: the (distributional) derivative
of the function depicted above is piecewise constant on each element, and hence
square integrable, as required by H*(f); however, if we had jumps in v between
elements, the derivative would generate delta distributions at the nodes, which
are not in L?(Q) (see Note 7 of the last lecture) — a function with jumps is
thus not in H'(Q). It is important to note that we do not require that our v be
in C*(Q), that is, have continuous first derivatives — this is much more difficult
to implement numerically.

We remark that there are finite element approximations in which X, ¢
X — these are known as monconforming approximations, as opposed to the
conforming approximations we consider here.

2.1.3 Basis

General definition:  given a linear space Y,
a set of members y; €Y, j=1,...,M,
is a basis for Y if and only if

Vy €Y, J unique a; € IR such that

M
y=> ajy;;
j=1

dim(ension) (V) = M . IN5||N6||E1][E2]

Note 5 Linear dependence and dimension

It follows from our definition of a basis that any set of M linearly independent
members y; — members such that

M
Y ajyi=0=0a;=0,j=1,..,M

=1

— will serve as a basis. It is also readily demonstrated that, although our
choice of basis is not at all unique, the dimension of Y, dim(Y), is unique.
For simplicity we will use the basis concept primarily in the context of finite-
dimensional spaces such as Xj; but infinite dimensional spaces such as X =
H}(9Q) can also be described in these terms. Note we can express a space Y in
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terms of any basis as Y = span {y;, j =1,...,M meanin t at any member
of Y an be represente as a inear ombination of t e y;

forspaeYisa ibertspae it innerpro t , e anintro e
t e notion of ort 0 onaity t omembersy Y an y Y are if
Y,y =
nort o ona basisist sabasisfor i tey;jaremt ayort oona
y,y; = =34 f frt ermore y,y =y =1 t e basis is
onsi er t e ibert spa e e ippe it sa
i eaninnerpro t Y o, LYy = Yy an enenorm ,y =
Y ote t e pair ,y refers to a sin e member point in
a s 1,1, 1, abasis for an ort o ona basis
b f 1, 1  isoneofo rbasis etors n aseon etors t at

e a ean ort onorma basis

|

onsi erY = 1,1 =span{l, , e ippe it te

inner pro t y, = Y ere y an are t o members of Y

t atis t o po ynomia s
a epae it anot er basis e tor in fa t po ynomia s t at e
no a eanort o ona basis
b  ppropriate y normai e at po ynomia system t at is asso iate
it at famo s ren mat emati ian areyo eneratin byt eabo e
ram mi t pro ess

|

basis for
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