Discretization of the Poisson
Problem in R': Theory and

Implementation
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1 Theory

1.1 Goals
1.1.1 A priori

A priori error estimates:
bound various “measures”
of u [exact] — uy [approximate];

in terms of C'(2, problem parameters),
h [mesh diameter], and w.

Note 1 A priori theory

Clearly, since a priori estimates will be expressed in terms of the unknown
exact solution, u, they are not useful in determining in practice whether uy, is
accurate enough. A priori estimates are, however, useful to compare different
discretizations (which converge faster in which norms? which is more efficient?),
to understand what conditions must be satisfied for rapid convergence (is u
smooth enough?), and to understand if a method has been properly implemented
(for a test problem, does u, — u at the correct rate?)

u: —Ugy = [, U(O) = u(l) =0
a(u,v) = £(v), VveX
1 1 "
a(w,v) = / Wy Uy di, L(v) = ‘ / fudz
0 0

X ={ve HY(Q)|v(0) =v(1) =0}

Recall that £(v) can in fact be more general — any linear functional in H=1(Q),
that is, any linear functional which satisfies |L(v)| < C ||v]|g1(q) for any v €
H} (). For example, £(v) = (84,,v) = v(zo) is admissible.
Up:
a(up,v) = £(v), Yve Xy,
1 43 1 ”
a(w,v) = / Wy, Uy de, L(v) = / fudz
0 0
X, = {U eX | 'UlTh € IPl(Th), VT, € 771}

In fact, the theory presented applies equally well to the Neumann problem and
(at least in R!) the inhomogeneous Dirichlet case.
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1.1.2 A posteriori
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A posteriori error estimates:

bound various “measures”

of u [exact] — up [approximate];
in terms of C(Q, problem parameters),

h [mesh diameter], and up,.
Note 2 A posteriori theory

A posteriori error estimates are arguably more useful than a priori esti-
mates since we know up. Bear in mind, however, that (i) in most methods
for a posteriori error estimation the constants C' are not known, and (ii) for
those methods which do attempt to better quantify the constants C, additional
computational effort is required. Nevertheless, a posteriori error analysis is an
increasingly important aspect of finite element practice: even when the C are
not known precisely, local estimators can provide guidance as to how best to
refine a triangulation. We shall restrict attention in these lectures to the simpler
case of a priori estimates.
1.2 Projection
We need several concepts to make the subsequent analysis flow smoothly: pro-
jection (genmeral) and interpolation (specific to our particular space Xy ).
1.2.1 Definition
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Given Hilbert spaces Y and Z C Y,

(Oy,v)y =(y ,v)y, YveZ
ez ey

defines the projection of y onto Z,Ily;

I vy - 7.



1.2.2 Property
The projection ITy minimizes ||y — 2|2, Vz€ Z.
Why?

lly = (Oy + )|} = ((y —y) — v, (y — Ty) —v)y
N——r
any ze€Z
= lly —Tylly — 2(y — My, v)y +lolly;, YveZ.
—_———
0: v€Z
Note z =Ty +v € Z and ly € Z implies v € Z, and hence since (Ily,v)y =
(y,v)y forallv € Z, (y—Ty,v)y = 0. The above result states that |ly—Iy||3 <

lly — z||> for all 2 # y. In words, Iy is the best approzimation in Z of y in
the || - ||y norm.

1.2.3 Geometry

Geometry of projection:

Y
Ay — Iy
NS
Iy Z
Orthogonality: (y — Iy, v)y =0, Yov € Z.

Not surprisingly, if we wish to find the z = Iy on the Z azis closest to y,
y — Iy should be perpendicular to the Z axis — in the (-,-)y inner product.
This analogue to our usual notion of projection in R™ should be self-evident. In
the above picture, Z* is the orthogonal complement of Z in Y : the space of all
members of Y orthogonal to all members of Z.

> Exercise 1

(a) Show that [[Iy|ly < [lylly and [ly — IIy|ly < |[|ly|lv, and interpret this
result geometrically.

(b) Show that II(Ily) = Ily.
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1.3 The Interpolant
1.3.1 Definition SLIDE 8
Recall
Xn = {’U eX | 'U|Th € ]Pl(Th), VT € 771}
v E Xy

Tpy1 =1

@0 =0 SLIDE 9
Given w € X, the interpolant Z,w satisfies:
Zhw € Xp; and Zhw(x;) = w(x;), i=0,...,n+1.
n
Thw(z) = Z w(x;) pi(z)
i=1
on T T T T T T T wn+1
1.3.2 Approximation Theory
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If we X, and w|r, € C*(Th), VTh € Th, then
_ < "
o= Tl < e (o))
2 1"
Recall 0] () = Jo w2 de, I0l172) = i v? de,
and ||”||%11(Q) = M%{l(g) + ||’U||%2(Q)-
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Sketch of proof:
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