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HANDOUT
Quickie derivation of the Nernst equation (Weird, but solid as a rock)
First, let’s consider conditions. We have two chambers separated by a membrane.

The chambers have different concentrations of an ion (say, potassium, K"). The membrane
is permeable only to K" ions. (It has special holes hat only K" ions fit through.)

f.j,

{[t"’]l = potassium {on concentration ia chaaber 1

Under these conditions, there will be a voltage AV across the membrane. How does
it arise? There is a net diffusion of K* ions from high concentration (chamber 1) to low
concentration (chamber 2). If no other force were present this would continue until the
concentration in both chambers were equal (makes sense, huh?). However, this process
never goes that far. When a few K' ions diffuse from chamber 1 to chamber 2, they create
an excess of (+) charge in chamber 2. This creates the voltage difference and an
equilibrium will be reached when the tendency of the ions to diffuse down the
concentration gradient is exactly counterbalanced by the tendency of the voltage gradient
to push them back. Maybe a potential energy diagram will help:
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At equilibrium (race of fon flow from 1 to 2 = race of ion flow from 2
to 1), the potential snargy per ion must be equal {n both chambers -
(otherwise ions would flow down the "enargy hill" and thare would be cet
diffusion). You can ses from the diagram that egquilibrium occurs when
AU (chemical) =49 (eleccrical), {.e., when an {on going across the
menmbrane from chamber 1 to chamber 2 loses exaclly as much energy going
up the volcage "hill" as it gairs going dovm cha concancration hill.
50 the big egquationm is:

AU (electric) = AU chem (1).

What ve have to do now i{s calculacte the AU's and plug them inm,
Llet's scart with the hardestz, &¥ (chem). 1Ir's very difficult to decida
how much work 1t would take to concentracs a bunch of ifons in solution:
1f you try to squash them togecher mschanically, the water gats in the
vay. Lat's try an easier problea (vhich will turn ocut to be aquivalent)
concentrating lons in a gas.

Lat us imagine a gas of K* ions., Impossidbla, you grumble. No
macter, I wiztily reply. A gas is a gas; they sll bahave the gas law
PV = oRT, and impossible ones will obey it too. This gas is particularly
strange, since all the particles are slectric charged, buc wa will vorry
about electric charges saparactely, in the AU (elsctric) part of the
daviaticnm.

0.K., ve h.v- ABoles of this gas in a pisconm, wve'rs going to concen-
trate it by squn:hin| it from an inicial volume T) to a final voluze X3.
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We want to find out the change in potential enargy lavolved in the
squashing. We know from early on chat:

W= AU = -F § (2)

‘W = wvork

AU = change in potencial energy

¥ = foree

AS nce thlnulh vhich th- lu::c aces.

~F 1Y

Thig L ike n step in the tight direccion, since we're applying
a forca th!bu:h s discanca. Thers are, however, fwvo complications.

{a): Equation 2 {s for a uniforp force. Nota that as ve squash the
gas ics pressure will increass and it will de harder and harder to squash
ic furcher, so F {s not a constant, it's a functionm of distance. We
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could ger around this probles by chopplng up 45 into a loc of lirmlge
langehs, ds, finding che force F(s) at sach of them, multiply‘ag che
force thera by the lictle piece, ds giving a small iscremect 4U, and
sddiog up all the liczle dU's to get tha total changae AU.

old rule Au ==F.45

nev rula: AO = =Idy = =LF(3)-ds --IF(I} ds

T i
Wea know that the assy u‘;; to sum up such litzle pieces is to integrate,
so the new rule (for non-conscant forces) ia

AU = ‘.l‘{l} ds (3)

So far so good. The other complication is(d).Ve've talked ian tarms of
force ¥ and distance. But the gas law is vritten {2 terms of pressures
and volumes, i.a. @

PX = Rl 2 (&)

F = Prassurs

X = Volume -

a = pumbar of moles of gas

R = 3 conscant, the "gas lav constant” =
T = Temperature, ia *Talvin

How do we get from forces to pressures and so forth? By cleverly

aoting that prassure (in nevtons/dné) = Force/Area and Volume =(distamce)
x area (of piston). If ve divide force by the area (of tha piston) and
nultiply discance $ by area (of tha piston) the product remalns th'.“-’:'“

AU = <F-45 = =F/A+A98S = -PAY
Similarly for our Iut;.:nl expresgion:
aue Fds= [r/aade e frooT (3)
%



The hard part is over. The rest is a macter of ari{ithmetic.
We want to express the change in potential energy in terms of the {nirial
and final voluma. Let's solve for Pressure using the gas law and plug
the expression into the equation.

PY = nRT (6)
P = oRT
A’y

Substicucing (6) inezo (5
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Now the integral t dx is tn x, so the integral gt dC = ta T, o the
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expression in (7) is AU = -aRT | dU = -aRT(tn !’]g% = -aRT (La¥; 22 Ty)
T

-aRT 1n D
N

Note that this is beginning to look liks the Nermst equatior, with
R and T and ta. It looks like we're on the right track. Next we have
to go from volumes to concentrations. That's not hard. If ve hi/e
N moles of gas in & liter of volume and we squash it to half a li:ar,
ve double the concentration. In fact, in ganeral

V = const (9)

[KF)
(K*] = concentration of potassium ions in moles/liter

Substicutiag (9) ioco (8)
AU = -RT ta °°°’=/IE:l2 = -3T %a IE;', (10
const/ 1 ( 2

Next we go from a gas %o a solution. Let's dissolve n mole of
K" fons at concentragion [K"]. into vater. There vill bde a chaa a of
potential energy AU, Solution %v.ty negative - the naked K" ioas - 5uld be
extremaly happy to get into the wvater). You need to know ome th g
(definiciocn) about an ideal solution vhich is thac the solute (K ) ions
interact only with the solvent (H90) molecules, not with each ot 2r.
Dilute solutions of ions are nearly ideal solutions, so the rule above
is a good approximation. (Zach {on is surrounﬁ?ﬁXGV"f hydration shell
of watar wolecules, as you learmed ia Chems 101-102)
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What the rule allows us to say is chat AU for dissolving o molas
of K* fon is a funcrion only of the number of ions dissolved, oot of che
conceantration. (AU s just the sum of a lot of gmall All's corresponding
to the snergy of hydration of each T* ion. TE. valus of zhe litcle
AU {s comcentracion indapendent, since tha K™ f{ons don't ralk te each

other. Tharsfore AU for dissolving a concentrated K* zas {n wacar,
dilute K

forming & concentrared solucicn = AU for dissolviag a _gas to

form a dilute solucion.

What this means ia that AU (chem}for concentrating an {desl gas
is the same a3 AU (chem) for concentrating ao ideal solucicn. To
fllustracte this, wa need a path disgram for the four states wich various

40's in between.
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What ve just said above is that 40Uy = 4Ue (concentration = indepen-
dentp). It follows thac AU, @ AUp because changes {n potencisl esergy alU
to_get from one state to ancthar is the same regardless of the path one
takes. One can go from & diluce gas to a concentrated solutioa sither

by concentrating tha gas and thea dissolving it:

AU = AUy + A0g . fi.
or by dissolving the dilute gas and then conconcrating the solutiocn

AU = AUy + AU
Since U is the sams in mach case

AU, + AU = AUy + aUp (11).



We shofid that AU, = AU Subtracting these e
* qual quansied £
boch siles of eq. (11) gives® q es from

as I asserted above. Now we have already calculated the magnituda of
Af, ,the energy expeaded in squashing a gas (see equation 10). Therefore
veAkuow the energy involved in concentrating o moles of a solutiom

AU (chem) = AUp =-nmT la [K*], e (13)
(K], :

So much for the chemical energy part of the Nernst equation. How
about the electrical partz From the definition of electrical potencial
(and voltage) in lecture 1,

AU (electric) = q Af - q'V (14)

q = charge transported across voltage
¢ = electrical potential
V = voltage = potential difference.

We need to knov the charge on n molas of X* tons.

q=*ne?

a = aumber of moles of ions
® = charge per ion (s = *¥1 for KM,
F = Paraday's constant = charge (in couloumbs) on 1 mole of elactrona.

so AU (electric) =a o PV (15)

The simple equation ve started with wvas
AU (electric) = AU (chem) (1)

for transporting n moles of lons from chamber 1 to chamber 2. Now we
know both tarms (equations (13) and (15)] let's plug thea in

o s 'V = -aRk? ta (K (16)
[i'iz

Solving (16) for the voltage:
V= -RT ta [r"},

Hot daan! The Nerast equation.

Note A. We did it here for K" {ons, bur thatc was just to give you
a concrate (and familiar) example. The » {s general for any ion
(provided the membrane is permeable to“tRal ion only) and to chambers
of any configuracion (ia the Squid axon chamber 1 is the inside of the
nerve and chamber 1 {s the outside).

Note B, -RT tn X 2 -58 wV-log X
114

for # = 1 and T = 25°C. (Dr. Celperin already announced this.)




Note C. There is often a problem in the sign of the voltage (measured from where
to where?). You can get around this by memorizing conventions, or by reviewing
the initial consideration which led us to expect the voltage. The region of
concentrated (+) ions will be negative because uncompensated ions will diffuse
down the concentration gradient creating a region of net (+) charge someplace else.





