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MOLECULES 
 
Hamiltonian (in atomic units) for diatomic molecule  
A-B, e.g. H2 (just 2 electrons): 
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( ) ( ) and r  - electronic & nuclear coordinates    
Atomic units – mass in units of 1em = , but we’ll write  explicitly in 1em st term 
 
  ( ) ( ) ( ), , ,H Eψ ψ=r R r R r R

 
How to solve?? V  e( ,EN )r R --nuclear attractions couple the coordinates 
 
BORN-OPPENHEIMER APPROXIMATION 
 

1em
M

<<  Nuclei much more massive than electrons ⇒ nuclei are much slower 

 
Solve electronic Schrodinger eq. for FIXED nuclear positions : ( ) ( ), e.g. 1R R

 
  ( ) ( ) ( ) ( )el el el elH Eψ ψ=1 1 1 1r;R r;R R r;R

 
No nuclear kinetic energy in  elH
Includes nuclear repulsions & electron-nuclear attractions with nuclei fixed  
 
Gives electronic orbitals and energies for the selected nuclear geometry 
 
Could solve with variational (SCF-HF) or perturbation approach 
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Solve Schrodinger eq. for another FIXED set of nuclear positions ( ) ( ), e.g. 2R R : 
 
  ( ) ( ) ( ) ( )el el el elH Eψ ψ=2 2 2 2r;R r;R R r;R

 
Repeat for lots of internuclear separations 
 
Plot energies  vs. internuclear separation ( ) ( )el el ABE E R=R ABR  (for diatomic) 
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Solution of Schrodinger eq. for each value of ABR  yields a set of eigenvalues 

 and eigenfunctions (el ABn
E R ) ( )el ABn

Rψ r,  (molecular orbitals) 
 
Minimum energy - most stable nuclear geometry 
 

ABR →∞ : separated atoms, not separated particles!  
(el ABE R →∞)  includes atomic orbital energies, e.g. 

1
2 H s

xE  - set to 0 

 
WHAT ABOUT NUCLEAR MOTION?  
We've neglected it – no molecular vibrations, rotations 
 
Write complete wavefunction 
 
  ( ) ( ) (, el Nψ ψ ψ=r R r,R R)

)

 
Not complete separation of variables, but practical since we’ve seen we can solve 
for  at each ( to determine (elψ r;R )R ( ) ( )el el ABRψ ψ=r,R r, .  
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Solve complete Schrodinger equation 
 

  
( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

, ,

el N el N el N

H E

H H E

ψ ψ

ψ ψ ψ ψ

=

⎡ ⎤+ =⎣ ⎦

r,R r R r R

r,R R r,R R r,R R

 
  ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )el Nel N el N el NH H Eψ ψ ψ ψ ψ ψ+ =r,R r,R R R r,R R r,R R

 
elH  only operates on elψ . So 

 
( ) ( ) ( ) ( ) ( ) (el elel N N elH Hψ ψ ψ ψ=r,R r,R R R r,R r,R)  

 

which includes the term ( ) ( ) ( ) ( ) ( ) ( )2 2
1 2

1
2

EN el N elTψ ψ ψ ψ⎡ ⎤= − ∇ +∇⎢ ⎥⎣ ⎦
R r r,R R r,R .  

 

( 2 21
2

e
N A B

mH
M

= − ∇ +∇ )  operates on both ( ) ( ) and el Nψ ψr,R R , but since me/M << 1,  

 
  ( ) ( ) ( ) ( )N elel elH Hψ ψ<<R r,R r,R r,R

 
Born-Oppenheimer approximation: 
 
  ( ) ( ) ( ) ( ) ( ) ( )N Nel N el NH Hψ ψ ψ ψ≈R r,R R r,R R R

Then 
 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
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el Nel N el N
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N el el

H H
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ψ ψ ψ ψ

ψ ψ
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r,R r,R R R r,R R
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R R r,R ( )elψ+ r,R ( ) ( ) ( )N N elH Eψ ψ=R R r,R ( )Nψ R

 

 
No more electronic coordinates!! 
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( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

NN el N N

N Nel N N N
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ψ ψ ψ

ψ ψ
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Schrodinger equation for just the nuclei! Depends on ( )R  only! 
( )U R  determined through solution of the electronic wavefunction and energies! 

 
( )elE R  - determined from eigenvalues of electronic Schrodinger equation - is 

nuclear potential energy term ( )U  R

R

 
Total molecular energy includes the electronic contribution and the part due to 
nuclear motion 
 
WHAT DOES IT ALL MEAN?? 
 
Basic description of molecules with "potential energy curves" works! 
 
Solve for electronic energies and orbitals with nuclei fixed 
The electronic energies provide the potential in which the nuclei move 
 
Electrons don't lag behind vibrating or rotating or translating nuclei   ⇒
Each nuclear geometry has just one electronic energy  

( ) ( ) vs elE R  is single-valued 
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MOLECULES – THE NUCLEAR EQUATION 
 
PRIMER FOR 5.33 IR EXPERIMENT! 
  
HOW DO WE GO ABOUT SOLVING FOR MOLECULAR ENERGIES, 
WAVEFUNCTIONS? 
 
Start by solving electronic Schrodinger equation with various fixed nuclear 
positions 
 
This gives us molecular orbitals ( ) ( ) ( ) and energies el elE Uψ =r,R R R  
 
Then solve nuclear Schrodinger equation using ( )U R  
 
HOW DO WE SOLVE THE NUCLEAR PART? e.g. diatomic molecule 
 

( ) ( ) ( ) ( )N N NT U R Eψ ψ⎡ ⎤+ =⎣ ⎦R R R  

 
Go to COM coordinates, with internal spherical polar coordinates 
 

( )2 2 21 1
2 2

N
21

2A B COM
TOT

T
M M µ

= − ∇ +∇ →− ∇ − ∇int  

 
where 
 

( )
2

2
2 2

2 2 2 2 2 2

,1 1 1 1sin
sin sin

2
int

L
R R

R R R R R R R R R2

θ φ
θ

θ θ θ θ φ
⎛ ⎞∂ ∂ ∂ ∂ ∂ ∂ ∂⎛ ⎞ ⎛ ⎞ ⎛ ⎞∇ = + + = −⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

 

 
Nuclear Schrodinger equation is now 
 

 ( ) ( ) ( )
2 2

2 2
COM int

N N
TOT

U R E
M

ψ ψ
µ

⎡ ⎤−∇ −∇
+ + =⎢ ⎥

⎣ ⎦
R R  

 
Operator is separable into COM and INT coordinates 
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So nuclear wavefunction is separable into COM (translational) coordinates and 
INT (vibrational, rotational) coordinates 
 
Energy is separable into COM and INT energies 
 

 
( ) ( ) ( ) ( ) ( ), ,N trans COM int int trans COM int

trans int

R

E E E

ψ ψ ψ ψ ψ= =

= +

R R R R θ φ
 

 
We can write separate Schrodinger equations for COM and INT coordinates 
 

 

( ) ( )

( ) ( ) ( )

2
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, , , ,
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First equation just gives translational motion, e.g. free particle or P-I-B 
Not usually of interest – tells us little about the molecule itself 
 
Second equation is separable into R and ( ),θ φ  coordinates 
 

( ) ( ) ( ) ( ) ( ) ( )
2

2
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,1 , , , , , , , ,
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( ) ( ) ( ) ( ) ( ), , , ,m

int rot l
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 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
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( ) ( ) ( ) ( )2

2 2
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+⎡ ⎤− ∂ ∂⎛ ⎞ + + =⎢ ⎥⎜ ⎟∂ ∂⎝ ⎠⎣ ⎦
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We’re left with just an equation in the vibrational coordinate R  
 
Expand  around equilibrium bond length R( )U R e  

 

( ) ( ) ( )e e
Re

dUU R U R R R
dR

⎛ ⎞= + − ⎜ ⎟
⎝ ⎠

( )

( ) ( ) ( )
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⎛ ⎞

e
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⎝ ⎠

≈ + − ≡ + = −

 

 
Define  
  
 ( ) ( ) /e vib eR R R Rχ ψ− = − R  
 
Then 
 

( ) ( )
2

2
2 2

1 1
2 2

vib e
vib e

R R
2R R R

R R R R R R
ψ

ψ
µ µ

−⎡ ⎤− ∂ ∂ − ∂⎛ ⎞ = −⎢ ⎥⎜ ⎟∂ ∂ ∂⎝ ⎠ ⎣ ⎦
 

 

and approximating ( ) ( )
2 2

1 1
2 2 e

J J J J
R Rµ µ
+

≈
+

 gives 

 

( ) ( ) ( ) ( ) ( )
2

2
22 2

11 1
2 2 2vib int e vib vib vib

e

J J
kx x E U R x E x

x R
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QM HO equation of motion! 
 
( )e eU R E=  is just the electronic energy at the potential energy minimum 

 
( )

2

1
2 rot

e

J J
E

Rµ
+

=  is the rotational energy (rigid rotor model) 

 

( )1 2 vib
k n
µ

+ = E  is the vibrational energy (HO model) 

 
int elec vib rotE E E E= + +  
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Total energy as translational, rotational, vibrational, and electronic parts!! 
 
Total wavefunction is a product 
 

( ) ( ) ( ) ( ), ,el vib rot trans COMr R R Rψ ψ ψ ψ θ φ ψ=  
 
That’s it!!! – to first order 
 
Energy corrections can be derived by including anharmonic terms in the 

expansion of  and by Taylor expansion of ( )U R
( )

2

1
2

J J
Rµ
+

 for vibration-rotation 

coupling, centrifugal distortion (non-rigid rotor) effects. 
 
See Pauling & Wilson, Introduction to Quantum Mechanics, for a particularly 
careful treatment & discussion.  
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