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MOLECULES 2
ra 728
Hamiltonian (in atomic units) for diatomic molecule 18 \l
A-B, e.g. Hz (just 2 electrons): Ha i Hg
H, Coordinate System
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- Hx(R) + He (r,R)

(r) and (R) - electronic & nuclear coordinates
Atomic units - mass in units of m, =1, but we'll write m, explicitly in 1" term

~

H(r,R)y(r,R)=Ey(r,R)
How to solve?? Vi, (r,R) e’-nuclear attractions couple the coordinates

BORN-OPPENHEIMER APPROXIMATION

m . X X
V‘f«l Nuclei much more massive than electrons = nuclei are much slower

Solve electronic Schrodinger eq. for FIXED nuclear positions (R), e.g. (R,):

He (R, (HR,) = Ey (Ry) vy (GR,)

No nuclear kinetic energy in He
Includes nuclear repulsions & electron-nuclear attractions with nuclei fixed

Gives electronic orbitals and energies for the selected nuclear geometry

Could solve with variational (SCF-HF) or perturbation approach
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Solve Schrodinger eq. for another FIXED set of nuclear positions (R),e.g. (R,):

~

He (r’ R2)l/jel (r’ RZ) = EeI (Rz)l//el (r’ RZ)
Repeat for lots of internuclear separations
Plot energies E, (R)=E, (R, ) vs. internuclear separation R,; (for diatomic)

o |- H» molecule

I Ground state potential energy
o]
E (eV)
21
4

! ! / | !
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Rlag————*

Solution of Schrodinger eq. for each value of R,; yields a set of eigenvalues
E.. (Rss) and eigenfunctions y, (r,R,) (molecular orbitals)

Minimum energy - most stable nuclear geometry

R, = ' separated atoms, not separated particles!
E. (R, — ) includes atomic orbital energies, e.g. 2xE,, - set to O

WHAT ABOUT NUCLEAR MOTION?
We've neglected it - no molecular vibrations, rotations

Write complete wavefunction
v (rR)=vya (rR)yy (R)

Not complete separation of variables, but practical since we've seen we can solve
for v, (r;R) at each (R)to determine v, (r,R)=v, (r,Ry).
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Solve complete Schrodinger equation

~

H(r.R)y(r,R)=Ey(r.R)

[Ha(rR)+ Hu (R) Jwa (1 R)wy (R) = Ewy (1 Ry (R)

Ha (1 R)wy (1 R)wy (R)+ Hx (R)y (L R)yy (R) = Ev (L R)yy (R)
Ha only operates on y,. So

He (LR) ., (nR)wy (R)=wy (R)Ha (r,R)w, (I,R)

which includes the term y, (R)Te(r)y, (r,R)=v, (R){—%(Vf +V3 )Wy (r,R)}.
Haw =—%%(Vi+vg) operates on both y, (r,R) and v, (R), but since me/M<< 1,

Hw (R)yy (r.R) << Ha (r,R)y, (r,R)
Born-Oppenheimer approximation:

Hu (R)wy (r,R)wy (R) =, (L, R)Hu (R)y, (R)
Then

He (r,R)y, (L R)wy (R)+Hn (R)w, (r.R)wy (R)
~yy (R)Ha (LR, (r,R)+w, (R)H« (R)y, (R)

=y (R)E. (R) wuk iR + w e R) Hi (R)yy (R) = E waukr Ry (R)

No more electronic coordinatesl!!
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~

¥Yn (R)Eel (R)+ Hw (R)'//N (R): Eyy (R)

[An (R)+E4(R) ] (R)=[ T (R)+U (R)Jur, (R)=Ewy (R)

Schrodinger equation for just the nuclei! Depends on (R) only!
U(R) determined through solution of the e/ectronic wavefunction and energies!

E.(R) - determined from eigenvalues of electronic Schrodinger equation - is
nuclear potential energy term U (R)

Total molecular energy includes the electronic contribution and the part due to
nuclear motion

WHAT DOES IT ALL MEAN??
Basic description of molecules with "potential energy curves" works!

Solve for electronic energies and orbitals with nuclei fixed
The electronic energies provide the potential in which the nuclei move

Electrons don't lag behind vibrating or rotating or translating nuclei =
Each nuclear geometry has just one electronic energy

E. (R) vs (R) is single-valued

hhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhh



5.61 2004 Lecture #28 page 5

MOLECULES — THE NUCLEAR EQUATION

PRIMER FOR 5.33 IR EXPERIMENT!

HOW DO WE GO ABOUT SOLVING FOR MOLECULAR ENERGIES,
WAVEFUNCTIONS?

Start by solving electronic Schrodinger equation with various fixed nuclear
positions

This gives us molecular orbitals y, (r,R) and energies E, (R)=U (R)
Then solve nuclear Schrodinger equation using U (R)

HOW DO WE SOLVE THE NUCLEAR PART? e.g. diatomic molecule
[Tv(R)+U(R) |y (R)=Eyy (R)

Go to COM coordinates, with internal spherical polar coordinates

T :—ﬁ(viwg)%—

1 1
v, L
Mo H

where

~2
? L (6,
ek SR ) S D) (). L0 (e 0) L)
R® OR oR) R"sin@ o0 060) R°sin“@| o¢ R® 0R oR R

Nuclear Schrodinger equation is now

_véOM _V'Zt
"™ +U(R R)=E R
[sz* 5+ (R) | (R)=Ew (R)

Operator is separable info COM and INT coordinates
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So nuclear wavefunction is separable into COM (translational) coordinates and
INT (vibrational, rotational) coordinates

Energy is separable into COM and INT energies

WN (R) = l//trans (RCOM )Wint (Rint ) = l//trans (RCOM )Wint (R’0!¢)

E=E,.+E

trans int

We can write separate Schrodinger equations for COM and INT coordinates

—V?2
ﬁl//trans (RCOM ) = Etransl//trans (RCOM )

V2
[2—;+U (R)}Wim (R"97¢) = BEnin (R’9’¢)

First equation just gives translational motion, e.g. free particle or P-I-B
Not usually of interest - tells us little about the molecule itself

Second equation is separable into Rand (6,4) coordinates

10 C*(0.9) _
Z,URZ 6_R[R a_Rl//int(R’9v¢)j+W'rllint(R’9’¢)+U(R)Wint(R’0’¢)_EintWint(R’0’¢)

Vi (R.0.0)= 2 (R)w. (0.4) = 2(R)Y," (6.9)

Eint = Eel—vib + Erot
L (0.9) B0 (35,
W%fﬁm(Rﬂ,¢)—Z(R) 2R Y"(0.¢)=x(R) 2R Y™ (0.4)

R U R) R Er ()
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We're left with just an equation in the vibrational coordinate R

Expand U (R) around equilibrium bond length R,

1 2( d?U
U(R)ZU(RG)+(R—R ﬁ +E(R_Re) R +
Re Re

zu(&)+;qR—&fzu(&)+%m2 where x =R - R,
Define

I(R_Re)zl//vib(R_Re)/R

Then

_ _ 2
-1 jibflszde R.) _ 19 vun(R=R.)
2uR* oR\ OR R 2uR? 0R?

J(3+1) 3(3+1)
2uR?  2uR?

and approximating

gives

-1 & 1 J(J+1
|:2_ﬂzy+§kx2:|l//vib(x):|:Eint_ Z(IuRz)_U(Re)}//vib(x):Evib'//vib(x)

e

QM HO equation of motion!
U(R,)=E,. is just the electronic energy at the potential energy minimum

J(J+1)
2uR’

e

=E,, is the rotational energy (rigid rotor model)

\/K(n +1/2)=E,, is the vibrational energy (HO model)
7

Eint = E + Evib + Erot

elec
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Total energy as translational, rotational, vibrational, and electronic parts!!

Total wavefunction is a product

l// = l//el (r’ R)l//vib (R)l//rot (9!¢)l//trans (RCOM )
That's itlll - to first order

Energy corrections can be derived by including anharmonic terms in the

J(J+1)
2

expansion of U(R) and by Taylor expansion of 2 for vibration-rotation

coupling, centrifugal distortion (non-rigid rotor) effects.

See Pauling & Wilson, Introduction to Quantum Mechanics, for a particularly
careful treatment & discussion.
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