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A state space for games

o Consider a family of games
{(A,u)Ju:A—R"} for a fixed strategy space
A=A xA,x... xA..

* Model: (Q,73;,p,,U,5)i=1 ., Where

— Qs state space

— 7, is information partition of i

— pi(.].) a conditional probability system for i;
— u(w) is a profile u:A—R" of utility functions
-5 Q oA,

* 1 knows his utility function and strategy:
o’ eli(w) => si(w’) = si(w) & uj(0’) = uj(w).
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Another Example
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(Bayesian) Rationality

A player i is said to be (Bayesian) rational at o iff
given his beliefs at o his action at @ maximizes
his expected utility, i.e., for all a,e A;,

ZUi(a)')(Si (@),8; (a)l))pi ('] 1;(@)) 2 zui(a)l)(ai's—i (a)'))pi (o' 1;(®))

w'el;(w) w'el; (o)

If (A,u) is fixed, this simplifies to
> u(s (@), s (@))p (@] (@) 2 > u(a, s, (@))p (@] 1;(@))

w'el;(w) w'el;(w)




Common prior Assumption

ApeA(Q) : (Vi)(VI),
i (M) =p(I 1)

Example

Underlying game
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State space

cl dl d2

Cl| 5.5 ] 5.5 00

D1| 5,5 | 00 | .5.5

D2| 0,0 | 5,5 | .5,5




Correlated Equilibrium

 Given a finite strategic form game (A,u), a correlated
strateqy profile consists of these elements:
— A finite probability space (Q’,x)
— For each player i, an information partition @ of QO’.
— For each player i, a strategy c,,:Q2’> A, measurable with
respect to P.
» The correlated strategy profile is a correlated

equilibrium if for each i and each strategy r;
measurable with respect to @,

Z U; (O'(a)))ﬂ(a)) 2 Z U; (Ti (w)o (a)))ﬂ'(a))

weQ)' weQ)'

CPA + CK(Rationality&u) = CE

Theorem: Let (©2,7;,p;,U,S;);i=, ., be a model
for a game (A,u) where Q is finite. Assume
CPA:p,=p, =...=p, = p. If each player is
rational at each , then the distribution of s;
Is a correlated equilibrium distribution.

Proof: Define (', @,r,6)) := (,T;,p,s). Fix i, P;-
measurable t;. For any o, by rationality,

D u(s (@), 55 (@)p(@] (@) 2 D ui(5(w), s, (@))p@]1;(@)).

w'el; (o) w'el; (w)
Sum over l;(o):
us@)si(@)p@) = Fu(n@).s@))p@).




Sum over (o)

Y. 2ulsi(@)si(@)p@l1@)p(i @)z D > iz w),s(@))p(@] (@)

li(0) w'el;(w) li(w) o'li(o)

0 0
2 u(s@)s @)p@) = Yu(n@).s(@))p)

®'eQ)

CK(Rationality&u) = Rationalizability

Definition: R, := Rationalizable strategies for
I.

Theorem: Let (©2,7;,p;,U,S;);=, ., be a model
for a game (A,u). If each player is rational
at each o, then s;(w) € R, for each i.
Moreover, there exists a model
(€2,3;,p;,U.S)i=1 ., InWhich s;(Q2) = R; and
each player is rational at each w.




