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Signals and Systems

Fall 2003

Lecture #4

16 September 2003

Representation of CT Signals in terms of shifted unit impulses

Convolution integral representation of CT LTI systems

Properties and Examples

The unit impulse as an i1dealized pulse that 1s

“short enough”: The operational definition of (%)
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Representation of CT Signals
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* Approximate any input x(¢) as a sum of shifted, scaled

pulses
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(t) =x(kA) , kKA <t < (k+ 1A

/




x(kA) <+

-

oa(t) \
O (1) has unit area

A t

= x(kA)oa(t — KA)A
kA T t
(k +1)A )
B(t) = > w(kA)oa(t —kA)A

k=—o0

| limit as A — 0

x(t) = / x(7)0(t — 7)dT
The Sifting Property of the Unit Impulse /




Response of a CT LTI System

z(t)

oo

k=—o0

Impulse response:

Taking limits A — 0

x(t) = /_D:O 2(T)6(t — T)dr — y(t) = /

> a(kA)A(t — kA)A  —

» CT LTI =y(t)
5A(t> — hA(t)
(t) = Z z(kA)ha(t — EA)A
k=—o0
U
§(t) — h(t)

-

N x(T)h(t — T)dT
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Convolution Integral




Operation of CT Convolution

y(t) = x(t) x h(t) = / z(T)h(t — 7)dT
Flip h(—) Slide Wt —7)
Multiply I(T)h(t B 7_) Integrate I(T)h(t B T)dT
Example: CT convolution -
x(1) h(t)
* \ C /] *
1 3 t 2 - t
x(T)
1‘[ h(t - )
1 3 T ;.‘ 1+1 p 1

+2




Time Interval x(7) - h(t-7) Output

t< -1 0 > yt) =0
t+1
1 <t< 0 \ —> yit)= s(t+2)(t+2-1)
I t+2 | :%(t‘i‘l)Q
1
0 <r< 1 —> )= $-1-1=1
t+1  t+2
1
1 <t< 2 - — yt)=3—5t+2-3)(t—1)
t+1 3 | =1 1t—1)?
t+2
t> 2 0 —> y(t):O
()
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1) Commutativity:

2)

3) An integrator:

y(t) = x(t) = h(t)
4) Step response:
s(t) =

x(t) x 6(t —tg) = x(t — to)

2(t) % h(t) = h(t) *

[;xﬁmf

PROPERTIES AND EXAMPLES

x(t)

So if input
output y(t)

mw:/Lf@mT:mw
That is
::x@*Mﬂ:/LfHMT
u(t) * ht) —

Sifting property: z(t) * 6(t)

o

™~

= x(t)

) = 4(t)
h(t)




/ DISTRIBUTIVITY \

) ———= h, (O +h,(t) = YO =x(0)x[h (1) + h,@)]

— | h,@® [T
(D——= YO =x(O)*h, () + x(2) *h ()

x(1)

I NP )

- /
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x(1)

x(?)

ASSOCIATIVITY \

h,(9)

h, ()

y(@) = [x()* h1(2)] xh 2)

h,(t) «h,(t)

y(#) = x(2) *[h (1) *h,(1)]

h,(t)*h,(7)

Commutativity

= Y(0) = x(2) *[h (1) *h.,(1)]

h, (1)

hl(t) '

J(0) = Dx() %k o(0)] 5 h,@/




4 D)

Causality: CT LTI system is causal < h(t) = 0,t <0

Stability: CT LTI system is stable < f (T)]|dT < o0

- /




The impulse as an idealized “short” pulse

R +
yt) 1 o _ 1
xt) () c___ 1) & T rRePD = ge*V

Consider response from initial rest to pulses of different shapes and
durations, but with unit area. As the duration decreases, the responses
become similar for different pulse shapes.




/ The Operational Definition of the Unit Impulse X7) \

o(t) — 1dealization of a unit-area pulse that 1s so short that, for
any physical systems of interest to us, the system responds
only to the area of the pulse and 1s 1nsensitive to its duration

Operationally: The unit impulse is the signal which when
applied to any LTI system results in an output equal to the
impulse response of the system. That 1s,

6(t) = h(t) = h(t) for all h(t)

\ o(t) 1s defined by what 1t does under convolution./




-

-

The Unit Doublet — Differentiator \

() | 1 (1) = 45

Impulse response = unit doublet

The operational definition of the unit doublet:

_ da(t)

x(t) xup(t) = pr /




/ Triplets and beyond! \

n >0
U () :yl(t) e *ul(t)J

/ he

. n times
n 1s number of

differentiations

Operational definitions

x(t) * un(t) = d?;:iit) (n >0)

- /




/ Integrators \

(1) U (1) = /_ 2(r)dr

Impulse response: u—_1(t) = u(t)

n _—

“-1 derivatives" = integral = I.R. = unit step

Operational definition: x(t) * u_q(t) = ffoo x(7)dT

Cascade of n integrators:

U_n(t) = Eb_l(t) £ e X u_l(t)J

\ y,




/ Integrators (continued) \

f U_1 (t)

>
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u_o(t) = /; u_y (7)dr = /_; u(r)dr

= {-wu(t) the unit ramp

More generally, for n > 0




/ Notation

Then Un, (L) * U (t) = Upm (T)

n and m can be —+.

E.g. ur(t) *u_1(t) = uo(?)




/ Sometimes Useful Tricks \

x(t)* h(t) = ax(t)*d(t)*h(t)
= x(t) *ur(t) *u_1(t) x h(t)

= Uz(t) xur(®)] * h(t) ) * u_r(?)

Differentiate first, then convolve, then integrate

- /




/ Example \
(t) h(t)

=4

dx(t)
dt

-2

\ df’;gf) =0t +1)—20(t — 1)+t —2) /




dx(t)
dt

w h(t) = h(t + 1) — 2h(t — 1) + h(t — 2)

Example (continued)
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