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6.003: Signals and Systems—Fall 2003

PROBLEM SET 8 SOLUTION

Exercise for home study

O&W 8.35
(a) From the system diagram, we see that
z(t) = x(t) cos (wet)
Using the multiplication property
Z(jw) = %(X(jw) « FT {coswt})

FT of cosw,t is two impulses with area m at £w,. Therefore, Z(jw) is the spectrum
of X (jw) shifted to be centered at w. and —w. and scaled by % X T = % The real and
imaginary parts of Z(jw) are shown below:
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To find FT of p(t), let us first define a signal, ¢(t), such that:

2, |w| < 5Z
t) = ) — 2w,
Q( ) { 0, ‘w’ > 236



Therefore,

p(t) = [q@)* > 6<t—ni—”>] -1

n=—oo

Taking Fourier transform,

4sin(3) [
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P(jw) = d(w — kwc)] — 27 (w)

k=—o00
Following is the plot of P(jw). Sm{P(jw)} = 0.
P(w)
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Note that the impulse at the origin disappeared in the above graph because of the
subtraction with 27d(w).
Now, using the multiplication property again, Y (jw) = 5=(Z(jw) * P(jw)).
The real and imaginary part of Y (jw) is shown below:
Re{ Y (jw)}
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(b) To let x(t) = v(t), we must retain the frequency content between +w,, of Y (jw) and
scale it properly. Therefore, H(jw) is a low-pass filter with cutoff frequency at w,, and
gain 7, as sketched below:
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Problem 1 (O & W 7.34)
X (e/*) has characteristics as graphed below (where A is any real number) :
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To let X (e?“) occupy the entire range between —7 and 7, we need to scale the spectrum
from —?—Z to ?—4 by a factor of %, and therefore we need to change the sampling rate by a
factor of %. Since we can only upsample and downsample by integer factors, we need to

upsample by a factor of 3, and then downsample by a factor of 14.

When we upsample by 3, we compress the spectrum of X (/) by a factor of 3, and then
pass this through a low-pass filter with a gain of 3. The result is shown in the following
figure:
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Next, when we downsample the above spectrum by 14, we expand the spectrum by a factor
of 14 and scale the height by ﬁ, as graphed below:

X g(el®)
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Therefore, L = 3 and M = 14.



Problem 2

(a) x[n] is a real-valued DT signal whose DTFT for —7 < w < 7 is given by
X (&)
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Let
z¢[n] = z[n] cos[w,n]
Using table 5.2 and taking Fourier transform of cos|w,n/,

DT FT{cosw,n]} = i {6(w —w, — 27l) + 6(w + w, — 27l)}

l=—0c0

DT FT{cos|w,n|}

|
1
—T —wo 0 wo T W

Using the multiplication property from table 5.1, Z.(e’*) is the periodic convolution
of X (&) and DT FT {cos[w,n|} over period 27 and then scaled by 5-. We take one
period, from — to w, of DT FT {cos[w,n]} and do regular convolution with X (e/*).
Centered at w = 0, we get the superposition of two X (e/*) scaled by % Z. (") is
shown below for the interval —7 to .
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Z.(e’) is then passed through a low-pass filter with cut-off frequency wj; and gain of

1. DTFT of z.[n| is shown below.
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Let
zs[n] = z[n] sinfw,n]

Using table 5.2 and taking Fourier transform of sin|w,n],

+00
DT FT {sin[w,n]} = g S~ {6(w — w, — 271) — §(w + 1w, — 2x1)}

l=—00

We find Z,(e’*) using the periodic convolution as before. The superposition terms
centered at w = 0 from X (/) (in dashed lines) are shown below. Adding the super-

position terms, resulting Z,(e’*) is shown for interval —7 to 7.
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Z(e’") goes through the low-pass filter with cut-off frequency wj; and gain of 1, we

find DTFT of x,4[n| as shown below.
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(b) Maximum possible downsampling is achieved once the non-zero portion of one period

of the discrete-time spectrum has expanded to fill the entire band from —x to .
Therefore,

W pp 7
Following is the system diagram to recover x[n].
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After upsampling by m, we get back x.[n] and x4[n| from y.[n] and y,[n] respectively.
Note that upsampling by m has zero-insertion block (up-arrow m) and a low-pass
filter for time-domain interpolation. DTFT of x.[n| and z4[n] are derived in part a.
According to the system diagram,

Teo[n] = xe[n] X 2 cos[w,yn]

Using the multiplication property and doing periodic convolution, we get X,,(e/*) as
shown below.
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Similarly, z,,[n| = z,[n] x 2sin[w,n], and we get X,,(e’*) as shown in the figure.

Adding X,,(e’) and X,,(e’"), we get back the spectrum of X (e/*). Thus, we recover



Problem 3

(a)
w(t) = e tu(—t)+ 2 u(t)

Using Laplace transforms of elementary functions (table 9.2), we find,

-1
fu(—t Ri=TR —1
eu(—t) — 1= Re{s} <
1
—2t
t) Ry =R > =2
Mult) — —. = Rels}
Using the linearity property,
X (s) 1,2 ROC containing Ry (R
5) = — conta
PRt ontaining Ry 2
s

— GID61D ROC = -2 < Re{s} < —1

The pole-zero plot is shown below:
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z(t) = (e'cost)u(—t) + u(—t)

= (et(%eﬂ - %eﬁ)) u(—t) +u(-t)
1

= 56(1“)%(—15) + ie(kmu(—t) + u(—t)

Using Laplace transforms of elementary functions (table 9.2), we find,

eIty (—t) - (_11+]), Ry =Re{s} <1
eU=Dty(—t) - (_11_ 7 Ry =Re{s} <1
u(—t) — — R3 = Re{s} <0
Using the linearity property,
X(s) = ~1/2 + —1/2 + _—1, ROC containing Ry (| Rz Rs3

s—(1+j) s—(1-j) s
—(1/2)s* + (1/2)s(1 —j) — (1/2)s* + (1/2)s(1 + j) — s* + 25 — 2
s(s? —2s+2)

—1(2s* — 35+ 2)
= #2519 ROC= Re{s} <0

Solving the denominator, we see that poles are located at,

s = 1+
s = 0

Solving the numerator, we see that zeros are located at,

S =

3, V7
4 4

The pole-zero plot is shown below:
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Problem 4
(a) We are given,
— 25 — 25
X(s) = ° i —3 < Re{s} <4

2—s—12 (s —4)(s+3)
Using partial fraction expansion:
s — 25 A B

(s —4)(s+3) s—4+s+3

multiply both sides by (s — 4) and plug-in s = 4,
5 —25

= A
s+3
A = -3

multiply both sides by (s + 3) and plug-in s = —3,

s — 25 B
s—4
B = 4
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Therefore,

-3 4
X(s) = s—4+s—|—3 —3 < Re{s} <4

Using the table of Laplace transforms for elementary functions (table 9.2) and given
ROC, we find
z(t) = 3eu(—t) + 4e 3 u(t)

We are given,

2%+ 7549 284+ T7s+9
(5422 s2+4s+4

X(s) Re{s} > —2

As the degree of the numerator is equal to that of the denominator, we need to use
long division to divide the numerator by the denominator before finding the partial

fraction expansion:
s—1
X(s)=2— ——
(5) (s +2)2

Now we can find the partial fraction expansion of the second term on the right hand

side of the equality:
s—1 A B

(s +2)2  (s+2)2 i
multiply both sides by (s + 2)? and plug-in s = —2,

s—1 = A+ B(s+2)
A = -3

multiply both sides by (s + 2)?, plug-in A and s = 1,

s—1 = A+B(s+2)
B =1

Therefore,

X(s) = 2—<( 8,1 ) Re{s} > —2

s+2)2 s+42
3 1

- 9 _
T Er2? s+2

Re{s} > —2

Using the table of Laplace transforms for elementary functions (table 9.2) and given
ROC, we find
x(t) = 20(t) + 3te *u(t) — e *u(t)
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Problem 5 (O & W 9.24 (f))

We are given X (s). | X (jw)| for any w can be calculated as K% where K is any real number
and a, b, ¢, d are vector magnitudes as shown below in the pole-zero diagram of X(s).

Sm
w
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We need to find X;(s) such that, | X;(jw)| = [X(jw)| = KX, and there are no poles and
zeros in the right-half plane.

Reflecting the pole (at 1 on real axis) and zero (at 3 on real axis) along jw-axis or imaginary
axis, we can conserve the magnitude d and c¢ from the pole and zero respectively. The
resulting pole-zero diagram will be as follows:

Im
w
p-z map of X (s
d/b
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From the plot above, the pole and zero at —1 will cancel each other. Therefore,

K(s+3
X1(s) K(s +5)
(s +2)
It is important to note that, from p-z map of X (s), as b = d,
bc c
Xy = K—=K-=|X1(y
XGu)| = K% = KC = |xy(w)



Now, we need to find Xs(jw) such that ZX5(jw) = ZX (jw) and there are no poles or zeros
in the right-half plane of p-z map of X5(s). From the p-z map of X (s) shown on the previous
page, we can write the phase, ZX (jw), as

LX(jw) = Lb+ Le— La— Zd

If we reflect the pole at s = 1 along jw-axis, the contribution to overall phase from the
reflected pole becomes —(m — Zd) = —m + Zd. Notice that the sign of contributed angle
(£d) has flipped. Now, lets convert that pole to a zero. The contribution to overall phase
from the resulting zero is +(m — Zd) = 7 — Zd.

The above two operations, reflecting a pole along the jw-axis and changing it to zero, just
add + to overall phase. In order to keep the phase unchanged, we can multiply the resulting
Laplace transform by —1 as —1 = ¢=/™ will subtract 7 from the overall phase.

Similarly, if we reflect the zero at s = % along jw-axis, change that zero to a pole, and
multiply resulting the Laplace transform with —1, the phase will remain unchanged.

Therefore,
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Problem 6 (O & W 9.26 )

We need to find the Laplace transform of y(t) using the properties of Laplace transform. The
two properties, time shifting (table 9.1 of text book) and time scaling by —1 (page 686 — 687
of text book), that we will need are:

2(t —tg) «—— e *"X(s)
r(—t) «— X(—s)

The ROC is unchanged for the time shifting property. For the time scaling by —1
property, ROC is reflected about the jw or imaginary axis in s-plane.

y(t) = x(t—2)*xxo(—t+3)
where z1(t) = e 2u(t)
and my(t) = e u(t)
taking the Laplace transform
1
t — R -2
n(t) e o Rels)h>
1
z(t —2) 67288 o Re{s} > —2
1
xo(t) «—— Y Re{s} > -3
1
To(—t) mpoET Re{s} <3
1
xo(—(t —3)) e % mpoT Re{s} <3

Using the convolution property of Laplace transform (table 9.1),

Y(s) = Xi(s)Xa(s), at least Ry N Ry

6—25 6—35
= X
s+2 —s+3
_6—55
Y = - —2
(s) prp—t < Re{s} <3
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