RESONATORS

Impedance [v(t) = R {Vel*“}]:

Vv = Rl

v =L di/di
| = C dv/dt

IN ININ
1l

Series RLC Resonance:

V() = ()[R + joL + (jwC)]
=min if jwL =-1/jC

Q = w,w/P

ROPANGARIANEIZE  where:

diss

wr =LIP/a+CIVE/a=LIF 21 at o,

I:)diss - |I|2 R/2 [W]
Parallel RLC Resonance:

(W) = V()[G + jwC + (jwl)?] Q= w,C/G
= min if jwC = -1/jwL, i.e. if  w, = (LC)?>

V(w)




COUPLING TO RESONATORS

RLC Resonators:

To maximize power dissipated in R:
SetR=R;,atw=w, = (LC)°>

Proof that R = R, for Maximum Power Dissipation:
P

Paiss = PR = [Vpp/(R + Rp))PR dss . R -1
Set 0P, /OR = 0 to maximize P, R 7N
i R

0P, JOR = v, (R + Ry)2—2R(R+R;)3=0,s0 0 R,

R+ Ry, = 2R 0O P Aty dnfigh==a s “matched load”

Conversely, resonator loses power fastest if R, = R(v;, = 0)
Resonator Internal Q,, External Qg, and Loaded Q;:
Q = woWTPdiss L] QI = woL/PdissI’ QE = woL/PdissE’ QL = woL/PdissL

Therefore: O NOleE NNl O = O for maximum P ..
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TEM RESONATORS

| —

d -
z=d

Voltages and Currents: e.g. E v: :]
220

v(t,z) = V, cos(wt - kz) + V_cos(wt + kz) =0atz=0,d

Boundary conditions J V_=-V,

v(t,z) = V,[cos(wt - kz) - cos(wt + kz)] =2V, sin wt sin kz
where cos a - cos 3 =-2 sin[(a + )/2] sin [(a - B)/2]

i(t,z) = (V,/Z )[cos(wt - kz) + cos(wt + kz)] = 2(V,/Z )cos wt cos kz

Resonant Frequencies w,: V(Z,t)‘
kd=wdlc=nm n=0,1,2,.. G2/ 0\ -
w, = nTc/d 0/, " e
nA/2=d )

DC Resonance (w = 0): vzl —

H ’ / /——\/\ E

Current flows in loop, I(t.2) o\ N/ N
Voltages are zero O\ /\ y " Jd ¢
w,=0,w_#0 [J] p e
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MORE TEM RESONANCES

Open-Circuit Resonator: o | = 0
Z,,C vt
M\ /2=d, n=0,1,2,... (A  =2d/n e
@ = nre/d z=0 z=
)\0 = — (JOO =0 V(Z,t) - <
)\1 = 2d — (Jt)l = 1c/d i(t,Z) / /// \ \\\
A, =d - =21/ AV y
A, =3d2 - w,=3m/d AN \
-f\{\___/ < e
Quarter-Wave Resonator: °
C Z,,C vt

NAJ2-A /4 =d=(n-05) /2
A =2d/(n-0.5)

d
'\

A, =4d Y(Z’t) _— 0,

)\2 = 4d/3 I(t,Z) /

)\3 - 4d/5 O ~ - ’/// Z
)\4:4d/7 \\)./,,‘
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ENERGY IN TEM RESONATORS
Electric Energy Density W.:

v(z,t)‘ .o —
v(t,z) =V, sinwtsinkz I(t,2) AN
w,(t,z) =Cv?/2 0
= CV_2 (sin®w, t)(sin%k z)/2
= CV_%(1 - cos2w.t)(1 - cos2k.z)/8 = 0

Magnetic Energy Density W,

W (z,1)
i(t,z) =(V /Z,)cos wtcoskz W, (t,2)
w,_(t,z) = Li%/2 Z
= L(V /Z,)*(cosw t)(cos?k z)/2 ;
= L(V /Z,)*(1 + cos2w,t)(1 + cos2k z)/8 = 0 T=21w,

Electric and Magnetic Energies w, and w,:
w,(t) = CV 2(1 - cos2w, t)d/8, <w_>= CV_%d/8
w_(t) = L(V,/Z,)*(1 - cos2w, t)d/8, <w _>=L(V /Z,)>d/8
<w_>=<w_> because C=L/Z2? [Z,6 = (L/C)°*7]
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LOSSES IN TEM RESONATORS

RAz LAz

Distributed Losses:
R (ohms m) Wg Vv

P._(tz) =P’R +Vv?G [watts/m] G (Siemens m?) o
Pa = o (Pass) 02 - coz[ T,
= o (Vo/zo) <COS OOnt> (0082 knz)Rdz i Az '
+I(§i Vo2 <sin2 00t> (sin2 knz)Gdz (for short-circuited TEM)

=Rd(V,/Z,)’/4+GdV,?/4 [watts]

Example of Q Calculation (n =1):
Q,=Q, = ww,/P,=mcCZ?*Rd = n(LC)?>C(L/C)/Rd = Z_/Rd
w,(n=1) =T1mc/d

w; =2(w,) =CV,’d/4 V(Zm
P, =Rd(V,/Z,)’ /4 E Z..C v t j

~ d -
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LUMPED LOSSES IN TEM RESONATORS

Lumped Losses [a] : e — 0+

. L/ ZO’C d | —

| =V /Z,cos wt ﬁ - ¥
al ¢ m Y
O

e.g. shorted TEM line, length d: §=O d -
y

Perturbation technique: calculate losses using unperturbed v or i
Requires: Av<<v,orAi<<i,; Il |
Examples: G,,=(Z,-1)/(Z,+1) UGy, =-1, 112, =R/Z ;<< 1

Gogpy UG, =0, ifZ,, = R/Z,>> 1

R, >>|Z(z = 0)| = [-]Z,sin k9| is perturbation

Note: R, =7, >> Z_sin kO if 2mdA << 1
R, << [JZ/sin k9| Is perturbation, so is R =7 if 2o << A
Loss Computation Examples:

P, D<i22:0>Ra for resistor "a" (use unperturbed i,_,)

P, O(v2-42)/R, for resistor "b" (use unperturbed v,_y,)

P, D<(V0 sinkd sinoot)2>/RC for "c" (uses unperturbed v)
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COUPLED TEM RESONATORS

Example, Q Computation (n = 1): (=N
w,(n=1) =/ . £ Z,c v7

w; =2(w,)=CV,’d/4

R ohms mt
P O <(V0 sinkdsinwt)’ >/Z0
QI = woWT/PdlnternaI = TrZo/Rd (See L18'6)
QE = O‘)OWT/PdExternal

= (T[C/d)(CVOZd/4) zo/<(v0 sinkdsin oot)2>
ftcCz A2 /(2m) = n(Le)*® c(L/c)’® (2d) /(2ms)
= (d3)’*/m

Example, Coupling to TEM Resonator:

Q, = Q¢ = 2Q, for perfect coupling at resonance (matched load)
Ot Z_/Rd 0O(d/d)?/mt — Set d J(dR/Z,1%)°> [m]

Aw = w /Q, = w /2Q, = (Tc/d)/(21Z /Rd) = cR/2Z  [rs™]

Imperfect coupling if Qc # Q; Qg/Q,=R/R., U G atw,
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