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RESONATORS
Impedance [v(t) = Re{Vejωωωωt}]:

Series RLC Resonance:

Parallel RLC Resonance:

v = RI → V = RI → Z = R
v = L di/di → V = jωLI → Z = jωL
i = C dv/dt → I = jωCV → Z = 1/jωC

V(ω) = I(ω)[R + jωL + (jωC)-1]
= min if  jωL = -1/jωC

V(ω)
ωo = (LC)-0.5

Q = ωowT/Pdiss ≅ ω o/∆ω ≅ ωoL/R where:
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COUPLING TO RESONATORS


RLC Resonators: 
+ 

-
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I 

RTh R 

To maximize power dissipated in R: vTh L 
Set R = RTh at ω = ωo = (LC)-0.5 

Proof that R = RTh for Maximum Power Di
Pdiss 
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ssipation: 
Pdiss = i2R = [vTh/(R + RTh)]2R

Set ∂Pdiss/∂R = 0 to maximize Pdiss


∂Pdiss/∂R = vTh
2[(R + RTh)-2 – 2R(R  +  RTh)-3] = 0, so 

R + RTh = 2R ⇒ R = RTh for maximum Pdiss “matched load” 

Conversely, resonator loses power fastest if RL = R(vTh = 0) 

Resonator Internal QI, External QE, and Loaded QL: 
Q = ωowTPdiss ⇒ QI = ωoL/PdissI, QE = ωoL/PdissE, QL = ωoL/PdissL 

Therefore: QL
-1 = QI

-1 + QE
-1 and QI = QE for maximum Pdiss 
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TEM RESONATORS

i 

Voltages and Currents: e.g.: 

z = 
d 

v +-

0 z = d 
v(t,z) = V+ cos(ωt - kz) + V- cos(ωt + kz) = 0 at z = 0, d 
Boundary conditions ⇒ V- = -V+ 
v(t,z) = V+[cos(ωt - kz) - cos(ωt + kz)] = 2V+ sin ωt sin kz 

where cos α - cos β = -2 sin[(α + β)/2] sin [(α - β)/2] 
i(t,z) = (V+/Zo)[cos(ωt - kz) + cos(ωt + kz)] = 2(V+/Zo)cos ωt cos  kz 

Resonant Frequencies ωn: 
knd =  ωnd/c = nπ, n = 0, 1, 2,…

ωn = nπc/d 0 d 

i(t,z) ω1 

v(z,t) 

z


nλn/2 = d


DC Resonance (ω = 0): 

Current flows in loop, 
Voltages are zero 

i(t,z) ω2 

0 d 

v(z,t) 

z 
we = 0, wm ≠ 0 [J] 
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MORE TEM RESONANCES


z=0 z=d 

Zo,c 
d 

0 
ω2 

v(z,t) 
i(t,z) 

Open-Circuit Resonator: i 
v + -

nλn/2 = d,  n = 0,1,2,… ⇒ λ n = 2d/n 
ωn = nπc/d 
λ0 = ∞ → ωo = 0 
λ1 = 2d → ω1 = πc/d 
λ2 = d → ω2 = 2πc/d 
λ3 = 3d/2 → ω3 = 3πc/d 

z 

Quarter-Wave Resonator: 

nλn/2 - λn/4 = d = (n - 0.5)λn/2 
⇒λ n = 2d/(n – 0.5) 

λ1 = 4d 
λ2 = 4d/3 
λ3 = 4d/5 0 

v(z,t) 
i(t,z) 

ω1
ωωωω2 

Zo,c v -+ 

d 

z 
λ4 = 4d/7 
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ENERGY IN TEM RESONATORS

Electric Energ

2(1 - cos2ωnt)(1 - cos2knz)/8 ≥ 0 

0 d 

ω1 

v(z,t)
i(t,z) 

y Density We: 
v(t,z) = Vo sin ωnt sin knz 
we(t,z) = Cv2/2 z 

= CVo
2 (sin2ωnt)(sin2knz)/2 

= CVo 

Magnetic Energy Density Wm: 
i(t,z) = (Vo/Zo)cos ωnt cos knz 
wm(t,z)	 = Li2/2 

2ω1 

0 

We(z,t) 
Wm(t,z) 

d z 
= L(Vo/Zo)2(cos2ωnt)(cos2knz)/2 
= L(Vo/Zo)2(1 + cos2ωnt)(1 + cos2knz)/8 ≥ 0 T=2π/ωn 

Electric and Magnetic Energies we and wm: 
we(t) = CVo

2(1 - cos2ωnt)d/8, <we> = CVo
2d/8 

wm(t) = L(Vo/Zo)2(1 - cos2ωnt)d/8, <wm> = L(Vo/Zo)2d/8 
<we> = <wm> because C = L/Zo

2 [Zo = (L/C)0.5] 
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LOSSES IN TEM RESONATORS


Distributed Losses: R (ohms m-1) 

∆z 
C∆z 

G∆z i 

R∆z L∆z 
v 

Pdiss (t,z) = i2R + v2G [watts /m] G (Siemens m-1) 

iss 

2 V Z ) 
d

o 

PdPd = ∫0 dz 

= ∫0
d ( o 

2 
ncos t ω (cos2 knz)Rdz 

+∫0
d Vo

2 2 sin t ω (sin2 knz)Gdz (for short-circuited TEM) 
2 = Rd(Vo Zo ) 2 

o 4 GdV 4 + [watts] 

Example of Q Calculation (n =1): 
QI = QL = ωowT/Pd = πcCZo

2/Rd = π(LC)-0.5C(L/C)/Rd = πZo/Rd 
ωo (n = 1) = πc d 
wT = w e2 = CVo

2d 4 v(z) 
2Pd = Rd(Vo Zo ) 4 -

R ≠ 0 

d 
Zo,c v + 
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LUMPED LOSSES IN TEM RESONATORS


Lumped Losses a : 
i = Vo/Zocos ωt 

e.g. shorted TEM line, length d: 

a c 
d 

b 

δ δ Zo,c i 

d 
z = d z = 0 

v + 
-

Perturbation technique: calculate losses using unperturbed v or i

Requires: ∆v << vo or ∆i << io; Γ ≅ Γ o


Examples: Gz=0 = (Zn - 1)/(Zn + 1) ≅ G0(z=0) = -1, if Zan = Ra/Zo << 1


G(z=d/2) ≅ Go = 0, if Zbn = Rb/Zo >> 1 
Rc >> |Zleft(z = δ)| = |-jZosin kδ| is perturbation 

Note: Rc = Zo >> Zosin kδ if 2πδ/λ << 1 
Rd << |-jZo/sin kδ| is perturbation, so is Rd=Zo if 2πδ << λ 

Loss Computation Examples: 
Pd ≅ 2 

z 0i = Ra for resistor "a" (use unperturbed iz=0 ) 

Pd ≅ 2 
z d  2 v R= b for resistor "b" (use unperturbed vz=d 2 ) 

2Pd ≅ (Vo sinkd sin ωt) Rc for "c" (uses unperturbed v) 
L18-7 



COUPLED TEM RESONATORS

Example, Q Computation (n = 1): 

Zo,c 
Zo,c 

δ i 
v + -

d 
ωo (n = 1) = πc d 
wT = w e2 = CVo

2 

2 Z 
R ohms m-1 

Pdext ≅ (Vo sinkδ sin ωt) o 

d 4 

QI = ωowT PdInternal o Z Rd = π (see L18-6) 
QE = ωowT PdExternal 

= πc d)(CVo
2d 4 Z) o (Vo sinkδ sin ωt )2( 

LC C L C 2d≅ π  

( 2 d π) δ

cCZo λ
2 (2πδ)2 = π( )−0.5 ( )0.5 ( )2 (2πδ)2 

= 

Example, Coupling to TEM Resonator: 

QI = QE = 2QL for perfect coupling at resonance (matched load) 
⇒ π Zo/Rd ≅ (d/δ)2/π →  Set δ ≅  (d3R/Zoπ2)0.5 [m] 

∆ω = ωo/QL = ωo/2QI = (πc/d)/(2πZo/Rd) = cR/2Zo [rs-1] 
Imperfect coupling if QE ≠ QI; QE/QI = R/RTh ⇒ G at ωo 
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