
ρρρRADIATION BY CHARGE ρ AND CURRENT J 

We know EM waves exist 
∞ 

Maxwell's Equation ⇒ ∑ U.P.W 
Direction,Pol. 

But how do we create waves, and “radiate”? 

Maxwell's Equations suggest we can change E, H


by moving charges 

Our approach to deriving radiation equations: 

- Assume ρ,J ; solve for E,H 
- First statics, then dynamics 
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ELECTROSTATIC EQUATIONS


Area “A” 
∇ ×  E = 

−∂B = 0 ∇ iE = ε
ρ 

∂t o 

Faraday’s Law Gauss’s Law 
da 

Vol. “V” 

ρdV 

r 

ˆ n ρi ̂Integral form of Gauss’s Law → ∫ E n  da = ∫ ε dv 
o 

(Recall: ∇ ≡  x̂ ˆx y y z∂ ∂ + ∂ ∂ + ∂ ∂ˆ z) A V 

( ) = r̂E ( )  since problem and solutionLet V → 0, be spherical ⇒ E r  r 
are spherically symmetric 

From Gauss’s Law: 4 r2E ( )i r̂ = ρdV εo for a sphere of radius r.π r 

Solving ⇒ ( )  
2 

o 

dVˆE r  r 
4 

ρ 
= 

πε r 
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ELECTROSTATIC EQUATIONS

E  ,   is scalar potential= −∇ φ φSince  E 0∇ × = ([ 0∇ × −∇ φ ≡

z

y

x

dVq rpq

Vq

Solution by superposition

solution to Poisson’s Equation( ) ( )
q

q
p q

o pqv

r
r V

4
ρ

φ
πε∫

NOTE: (
2

2

E
 is Poisson's Equation

0  is Laplace's Equation

∇ ∇ −∇ φ =

−∇ φ = ρ ε
∇ φ =

i
rq

rp

Therefore r o

dVˆ(r) E rdr
4

∞ ρφ • =
πε∫

we define φ= 0 as r → ∞

ˆHere r
r
∂φ ∇φ = ∂

) ]

d
r

=

)= i

r
= 



A 0  

MAGNETOSTATIC EQUATIONS


Maxwell’s Equations: 
When ∂ = 0, ∇ × H = J , ∇ iB = 0

∂t 
Let B " ∇ ×  A 

This satisfies ∇ iB = 0  ∇ i(∇ × A ) ≡ 0 , all A 
NOTE: 	 This does NOT fully define A 

Claim: ∇ iA , ∇ × A can be fixed independently 

Ampere’s Law becomes: 

∇ ×  B = ∇ ×(∇ × A ) = µoJ 
= ∇  (∇ iA ) − ∇ 2 A = µoJ 

#$% 
 ∇ i "   

2 
oA J Vector Poisson Equation∴ ∇  = −µ 
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MAGNETOSTATIC EQUATIONS (2)

Solutions to Vector and Scalar Poisson’s Equations


ˆ ˆ ˆ ˆ ˆ ˆFor A : ∇ 2 (xAx + yAy + zAz ) = −µ o  xJx + yJy + zJz  

For φ: ∇ 2φ= −constant ⇒ φp = ∫ constant dVqπvol 4 rpq 

J 
Therefore ∇ 2Ax = −µ  ⇒ Axp = ∫

µo xq dVqoJx 
Vq

4 rpqπ 

So 
q 

o p q
pqV 

JA V
4 r  
µ

= 
π∫ Solution to vector Poisson equation 

General solution algorithm { }  { { ,J , A E,Hρ φ ⇒ 

d

} }⇒ 
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 

RADIATION BY DYNAMIC CHARGES, ρ(t),J(t)

Maxwell’s Equations ∇ ×  E = −∂ ∂B t ∇ i 

H 
E = ρ ε 

with sources ∇ ×  H D = + ∂ ∂J t ∇ iµ =  0 
4 steps 

=(1) Let B A = ∇ × since ∇ iB 0  = ∇ i(∇ × A ) 

(2) Therefore ∇ ×  E = −
∂
∂ 
t (∇ ×  A ) and ∇ × (E A + ∂ ∂ 

#&$& 
t ) = 0 
% 

−∇ φ 

Therefore E t = −∇ φ − ∂ ∂A 

(3) ∇ ×  H = ∇ ×(∇ × A µ =) o 

∇ (∇ iA ) − ∇ 2 

o 
A A J t 

 ∂ µ =  + ε −∇ φ −  ∂  o t 
∂ 

 ∂ 

 

Therefore −∇ 2 A + ∇ 


∇ iA +µ ε ∂φ + µ ε ∂

∂ 

2

t2
A = µoJo o  

#&& 
o o  ∂t  &$&&&% 
"0 
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ρρρRADIATION BY DYNAMIC CHARGES, ρ(t),J(t) (2)


−∇ 2 A + ∇ 


∇ iA +µ ε ∂φ + µ ε ∂

∂ 

2

t2
A = µoJo o  

#&& 
o o  ∂t  &$&&&% 
"0 

∇ iA =−µ ε ∂φ “Lorentz Gauge”o o  ∂t 

before we defined only ∇ ×  A B 
= 

2 
2 

o o  o 2 A J  (Wave equation)
t

 ∂∇ −  µ ε  = −µ 
∂  

 
 


J ⇒ A if we solve 
“Inhomogeneous vector Helmholz equation”
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“RETARDED POTENTIAL” RADIATION SOLUTION


∇ iE = −∇ i
∇ φ + ∂A  = −∇ 2φ− ∂ (∇ iA )∂t  ∂t #$% 

= ρ ε 

∂φ−µ εo o  ∂t 

2 2 
o o  o2 t

 ∂∇ −  µ ε φ = −ρ ε
∂ 

 
 
 

ρ ⇒ φ If we solve 
“inhomogeneous scalar 
Helmholz equation” 

( 

( 
q 

q 

q q 
p 

o qV 

q pqo p q
pqV 

t r  c1 dV
4 

J t  r c 
A V4 

ρ 
φ 

πε 

 

− µ
= π  

∫ 

∫ 

“Retarded potentials” ⇒ 
static solution if c → ∞  

Time-Domain Solutions: ns of static solution 

) 

) 

p
q

pr 

dr 

− 
= 

wavelike versio
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⇓⇓⇓ ⇓⇓⇓

SINUSOIDAL STEADY STATE SOLUTIONS


1 − c µo J t  − rpq c ) 
dVqp 

Vq 
rpq 

) 
dVq Ap = 4π 

V 
∫ 
q

q ( 
rpq 

φ =  4πεo 
∫
ρq (t rpq 

⇓ ⇓ 

ω 
( ) = 4πεo 

∫ 
( )e − jkrpq 

dVqω =µo J( )  e − jkrpqdVq Φ ω  
1 ρ ωA ( )  4π ∫ Vq 

rpq Vq 
rpq 

B = ∇ × A  ,  E = −∇ Φ − jωA k =ω  o oµ ε =  2π λo 

Algorithm to solve general problem: { } ⇒ {φ,A} ⇒ {E,H}
ρ,J 
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

RADIATION EXAMPLE


A(rpq) = µo J e − jkrpqdVq4π 
V 
∫ 
q 

rpq 
x 

q 
z 

rpq 

p 

J pq A(r ) A (rpq + ∆)= 

y 
∂AB = ∇ × A ∝
∂z 

Along z axis B = 

 x 

∂ 
∂

0 

x +ˆ y +

0 
y 
∂ 
∂

ˆ ẑ 
∂
∂ 
z 

 × A ≠ 0 because of ∆ delay 

o 
 ∇ ×  H J  + jωεoE( 

H B  

E 

= µ

= ∇  × 
= 

H j) ωεo since  
 J = 0 at  p 
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