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1. For both parts (a) and (b) we will make use of the formulas:

E[X] = E[EX|Y]
var(X) = E[var(X|Y)] + var(E[X]|Y])

Let X be the number of heads, and let Y be the result of the roll.

(a)
E[X] = E[E[X|Y] = E[Y/2] = Z.

and similarly,

7 77
var(X) = E[var(X|Y)] + var(E[X|Y]) = §Var(X) +var(Y/2) = s
(b) For this part, let X; be the number of heads that correspond to the first die roll, and
X5 be the number of heads that correspond to the second die roll. Clearly X = X7+ Xo
and X1, X5 are iid. Thus we have

7

Similarly,

T

48 24

2. (a) For any particular crate, let X; be the number of widgets in the ith box in that crate.
Note that the X;’s have the same mean and variance as X. Then T = X7 +--- + Xxn
which is the sum of a random number of independent random variables. By the properies
of such random variables, we have

var(X) = var(X; + Xo) = 2var(X;) = 2-

E[T] = E[X]E[N] = 10 - 10 = 100,

and
var(T) = var(X)E[N] 4 (E[X])?var(N) = 16 - 10 + (10)* - 16 = 1760.

(b) Let T be the number of boxes in the jth crate in the particular shipment. Then W =
Ti1 + --- + Tk which is the sum of a random number of independent random variables
with the same mean and variance as T'. Therefore, by the properties of W, we have

E[W] = E[T|E[K] = 100 - 10 = 1000,

and
var(W) = var(T)E[N] + (E[T])?var(N) = 1760 - 10 4 (100)? - 16 = 177600
3. (a) P(|X1|<d)=~ad
P(—0 < X1 <6) = [°; fx,(@)duy =26 fx,(0) =0+ 2.
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(b) E[X1N] =E[X;]E[N] =3 .2=3.
(c) var(X;N) = E[X?N?] — (E[X,N])? = (4 + 4)3 — 3% = 15.
(d)
EXi+--+Xy] = EX1+--+Xy|N>2]P(N>2)+
EXi+ -+ Xy | N <2P(N<2).
3 = E[Xl + -4+ XN ’ N > 2](1 —p) —|—E[X1]<p)
EX;+ -+ Xy|N>2] = 3(3-2(2/3)) =5.

(e) Let Z=N+ X1+ -+ Xun. Note that N and X; + --- + X are NOT independent.
My(s) = E[E[esNTXtFX0) | N]] = B[E[e*Y - es(X1 XN N]| = E[eV (Mx (s5)) V]
= E[(BSMX(S))N] = MN(S)|eS:eSMX(s)‘

2/3)e®
Mpy(s) = {22

Mx(s) = e25"+2s,

(2/3)es 2 +25 2¢25°+35

1,(1/3)6362324—% - 3,6232+3s’

My(s) =
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