
Comments: Hard to get this wrong!
+2: Poisson random variable
+1: Correct parameter of 80
+2: Correct evaluation

Comments: Can either be cookbook (Erlang) or reasoned (sum of exponentials).
+2: Recognize “Erlang” or write as sum of independent exponentials
+1: Correct parameter of 8
+1: Correct evaluation of expectation
+1: Correct evaluation of variance
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Final Exam Solutions 

Problem 2 

2(a) The spam arrival rate is 8 messages per hour, so the number of spam emails in a ten hour 
period is a Poisson random variable with parameter λ = 80. 

800 

P (no spam) = e −80 = e −80 ≈ 1.8 · 10−35 .
0! 

2(b) Let Y3 be the arrival time of the third spam email. Y3 is an Erlang random variable of order 
k = 3 with parameter λs = 8.  

k 3
E [Y3] =  

λs 
=

8 
. 

k 3
var(Y3) =  

λ2 = 
64 

. 
s 
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Comments: Lots of room for small errors in this problem.
+1: Random-sum-expectation formula
+1: Random-sum-variance formula
+1: E [regular mail] and E [spam]
+1: var(regular mail) and var(spam)
+1: Variance of each E [Ti]
+1: Correct numerical evaluation of expectation
+1: Correct numerical evaluation of variance

Comments: Easy. Possible but not necessary to consider party invitations a Poisson process.
+3: Merged process (with time ignored) is sequence of Bernoulli trials (or something similar)
+1: Correct probability of arrival being regular mail
+1: Correct final answer

Massachusetts Institute of Technology 
Department of Electrical Engineering & Computer Science 

6.041/6.431: Probabilistic Systems Analysis 
(Fall 2004) 

2(c) Let R and S denote the number of regular and spam messages received, respectively. Let T1, 
T2, . . .  be the processing times for the regular messages and T be the total processing time, 
both in seconds. Then 

T = 2S + T1 + T2 + · · · + TR, 

and the question asks for E [T ] and  var(T ).


Using elementary properties of sums of independent random variables and the standard for
-
mulas for sums of random numbers of independent random variables gives


E [T ] = 2E [S] +  E [T ] E [R] 
= 2  · 80 + 90 · 20 = 1960 

and 

var(T ) = 4var(S) + var(T )E [R] +  (E [T ])2var(R) 

= 4  · 80 + 
(120 − 60)2 

· 20 + 902 · 20 = 168320
12 

2(d) When we consider regular and spam email together, we have a Poisson arrival process at rate 
10 messages per hour where each arrival has probability 2 = 1 of being a regular message. 2+8 5 

1 1 1
P (party invitation) = P (regular mail) · P (party invitation | regular mail) = · = 

5 20 100 
. 
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omments: asy party nv s are recogn as a son process.
+1: Party invitation arrivals are a Poisson process
+2: Correct rate (0.1 messages/hour) of invitations
+1: Poisson random variable parameter = 1
+2: Correct final answer

Comments: Look for good reasoning because there are a lot of points for little work.
+2: Merged process (with time ignored) is sequence of Bernoulli trials (or something similar)
+2: First “success” (non-spam message) is geometrically distributed
+2: Correct mean of geometric
+1: Correct final answer (might have many off-by-one errors)

� � 
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2(e) Party invitations arrive as a Poisson process with rate λp = 0.1 messages per hour. The 
number of party invitations to arrive in a 10 hour period is thus a Poisson random variable 
with parameter 1. The desired PMF is 

e−1 1
k

k 

! , k  = 0, 1, 2, . . . ; 1 
k
1
! , k  = 0, 1, 2, . . . ;e=p(k) =  

0, otherwise 0, otherwise. 

C E if i itation ized 

2(f) For this and the next part, we use the merged Poisson process that has both regular and 
spam emails. Time is irrelevant to us; what matters is that each arrival is a regular message 
with probability 1

5).5 (and spam with probability 4 

This part asks for the expected number of spam messages before the first regular mail arrival. 
Let X be the number of messages up to and including the first regular mail message. X is a 
geometric random variable with parameter 1 . Thus  E [X]  =  5.  The  answer  is thus 4.  5
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Comments: 3 points for the exact expression, 5 for the De Moivre–Laplace approximation.
+1: Bernoulli trials lead to binomial random variable
+1: Binomial parameters
+1: Correct binomial probability
+1: Mean and variance of S
+1: Manipulation into standard form (don’t divide by variance!)
+1: Correct expression with Φs
+2: Numerical answer (lose 1 point for using Φ(0.12) or Φ(0.13))

� � 

� � 

� � 
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2(g) Let S be the number of spam messages received out of the first 100 total messages. S is a

binomial(100, 45 ) random variable so 

� �80 � �20100 4 1
P (S = 80)  =  

80 5 5 
. 

As a precursor to the CLT-based approximation, we compute E [S] = 100
·
 4
5 = 80  and  

var(S) = 100 · 4
5 ·
15 = 16. Now we can compute 

P (S = 80)  =  P (79.5 ≤ S ≤ 80.5) 
79.5 − 80 S − 80 80.5 − 80 

= P ≤ ≤
4 4 4 

S − 80 
= P −0.125 ≤ ≤ 0.125

4 
≈ Φ(0.125) − Φ(−0.125) since (S − 80)/4 is approximately standard normal 
= 2Φ(0.125) − 1 

≈ 2 · 0.5497 − 1 =  0.0995 
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Comments: Hard to give partial credit if Bayes’s Rule is not employed.
+2: Write relevant application of Bayes’s Rule correctly
+1: Correct pM |T (0 | t)
+1: Correct fT (t)
+1: Correct pM (0)
+1: Correctly combining above for conditional PDF for t ≥ 0
+1: Specifying conditional PDF for t < 0
(in a generally correct answer) -1: Using nonsensical notation (continuous/discrete mix)
(in a generally wrong answer) +1: coherently expressing what is asked in the problem
(in a generally wrong answer) +1: mentioning Bayes’s Rule, but writing something incorrect
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2(h) Let T be the time asleep (in hours) and M be the number of messages that arrive while 
asleep. We are given that T is an exponential(1) random variable. Given T = t, M is a 
Poisson random variable with parameter 10t. Now a version of Bayes’s Rule gives (for t ≥ 0) 

fT |{M =0}(t) =  
pM |T (0 | t)fT (t) pM |T (0 | t)fT (t) 

pM (0) 
= � ∞ pM |T (0 | t)fT (t) dt0 

−10t −t −11te e e
= = � ∞ e−10te−t dt 

� 
0 
∞ e−11t dt0 

−11te −11t= = 11e . −11t]∞− 1 [e11 0 

To give a complete answer, we should also note that 

fT |{M =0}(t) = 0  for  t <  0. 
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Comments: A lot of points for very little work. Require reasoning for full credit.
+2: Something that conceptually relates “n large” to steady-state probabilities
+2: Total Probability
+3: Correct expression
(in a generally correct answer) -1: Not hinting at all at P (Xn = i) ≈ πi

(in a generally correct answer) -1: Not writing “Total Probability” or writing an expression
that shows its use

Comments: Check that equations are correct so that all is not lost from failure to solve.
+1: Normalization equation
+1–3: One point for each valid balance equation (up to three, though two are needed)
+1–3: Each correct πi

+1: One more point for fully correct answer, if above only adds to 6
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Problem 3 

3(a) All three states are recurrent. There is a single recurrent class which is aperiodic. 

Comments: Each of three parts should be all or nothing. Don’t require reasoning. 
+2: Recurrent states are 1, 2, 3 
+2: Transient states are none 
+1: Aperiodic: YES 

3(b) Use the Law of Total Probability and P (Xn = i) ≈ πi: 

P (Xn = Xn+1) =  P (Xn = Xn+1 | Xn = 1)  P (Xn = 1)  

+ P (Xn = Xn+1 | Xn = 2)  P (Xn = 2)  

+ P (Xn = Xn+1 | Xn = 3)  P (Xn = 3)  
1 1 1 ≈ · π1 + · π2 + · π3.2 3 2 

3(c) We need three linearly independent equations involving unknowns π1, π2, and  π3. The  stan-
dard technique for this is to have the normalization equation and any two balance equations: 

π1 + π2 + π3 = 1  
1 1 1 − π3 = 0π1 + π2 +2 3 2 

1 1 
π3 = 0π2 −3 2 

4 1 2Solving gives π1 = 9 , π2 = 3 , π3 = .9 
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Comments: I think some students will forget that the initial distribution was given.
+1: Defining a set of variables for which to write a system of equations
+1–3: One point for each valid equation (even the trivial t3 = 0)
+1: Correct solution for tis
+2: Compute final answer from the tis

Comments: Read a few student solutions for examples of good and bad reasoning.
+2: Correctness of circled answer (NO)
+3: Something roughly equivalent to unchanging distribution with strictly positive variance

Massachusetts Institute of Technology 
Department of Electrical Engineering & Computer Science 

6.041/6.431: Probabilistic Systems Analysis 
(Fall 2004) 

3(d) Define ti as the expected time to first enter state 3 starting from state i, i = 1, 2, 3. 

1 1 
t1 = 1  +  t1 +2 2 

t2 

1 1 1 
t2 = 1  +  t1 + t2 +3 3 3 

t3 

t3 = 0  

Solving gives t1 = 7,  t2 = 5,  t3 = 0. The final answer is now obtained with the Law of Total 
Expectation by conditioning on the possible initial states: 

E [time to first enter state 3] = E [time to first enter state 3 | X0 = 1]  P (X0 = 1)  

+ E [time to first enter state 3 | X0 = 2]  P (X0 = 2)  
1 2 17 

= t1 · 3 + t2 · 3 = 
3 

. 

3(e)(i) Because of the Markov property, T1, T2, . . .  are identically distributed. Thus there can only 
be convergence in probability if there is some constant a such that P (T1 = a) = 1. This is 
obviously not the case because there are so many distinct state sequences that start in 3 and 
end when they return to 3 for the first time (3123, 312123, 31212123, . . .). 
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Comments: Read a few student solutions for examples of good and bad reasoning.
+2: Correctness of circled answer (YES)
+1: Converges to µ
+1: Weak law of large numbers
+1: Shall we be harsh are require a mention of “µ finite” for full credit?

Comments: Simplifications as above not required.
+2: Write relevant application of Bayes’s Rule correctly
+1: Correct fY |{X0=1}(y)
+1: Correct fY |{X0=2}(y)
+1: Correct P (X0 = 1) and P (X0 = 2)
+2: Correctly combining above for a reasonably-expressed final answer
(in a generally correct answer) -1: Using nonsensical notation (continuous/discrete mix)
(in a generally wrong answer) +1: coherently expressing what is asked in the problem
(in a generally wrong answer) +1: mentioning Bayes’s Rule, but writing something incorrect
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3(e)(ii) Since the Tis are identically distributed and E [Ti] is finite, the convergence in probability of 
Qn follows from the weak law of large numbers. This convergence in probability is to the 
value E [Ti]. 

The question does not require the calculation of E [Ti], but we can find E [Ti] using  the  tis 
computed above and the Law of Total Expectation (where the conditioning is on the three 
possible transitions from state 3): 

E [Ti] =  E [time to return to 3 | next state is 1] P (next state is 1) 
+ E [time to return to 3 | next state is 2] P (next state is 2) 
+ E [time to return to 3 | next state is 3] P (next state is 3) 

1 1 
+ t2 · 0 + 1  ·= (1  +  t1) · 2 2 

9 
= 

2 
. 

3(f)(i) This part and the final part are very loosely connected to the above parts. The only fact that 
is carried forward is the PMF of X0. 

Using a continuous version of Bayes’s Rule: 

P (X0 = 1)  fY |{X0=1}(y)
P (X0 = 1  | Y = y) =  

P (X0 = 1)  fY |{X0=1}(y) +  P (X0 = 2)  fY |{X0 =2}(y) 
1 f (y − 1)

= 1 f (y − 
3 

1) + 2 f (y − 2) 
where f (·) is the standard normal PDF 

3 3 

= 
1 
3 e

−(y−1)2 /2 

1 
3 e

−(y−1)2 /2 + 2 
3 e

−(y−2)2 /2 

1 
= .

1 +  2e(2y−3)/2 
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Comments: Above is pedantic to avoid having to write conditioning on X0 = 1 repeatedly.
+1: Correct fY |{X0=1}(y)
+2: Using first principles to get to FZ(z) = FW (

√
z) − FW (−√

z) or correctly state
this because it is used repeatedly in the course

+2: Correctly differentiating FZ(z) or correctly stating that

fZ(z) =
1

2
√

z

�
fW (

√
z) + fW (−√

z)
�

for z > 0 (otherwise 0)

because this is used repeatedly in the course
+2: Correctly combining above for a reasonably-expressed final answer
(in a generally correct answer) -1: Failing to be sensical in the final answer;

e.g., writing fY 2(·) (no conditioning)
(in a generally correct answer) -1: Failing to specify fY 2|{X0=1} for negative arguments

� � 

� � 
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3(f)(ii) Conditioned on X0 = 1,  Y is a normal random variable with mean 1 and variance 1. 

Let Z = W 2 where W is a normal random variable with mean 1 and variance 1. The standard 
approach to finding the PDF of Z is to first find the CDF and then differentiate: 

FZ (z) =  P (Z ≤ z) 

= P W 2 ≤ z � √ √ � 
= P − z ≤ W ≤ z for z > 0 (otherwise 0)  √ √ 
= FW ( z) − FW (− z) for  z > 0 (otherwise 0)  

d 
fZ (z) =  FZ (z)

dz 
1 √ 1 √ 

= √ fW ( z) +  √ fW (− z) for  z > 0 (otherwise 0)  
2 z 2 z 

√ √ 
= √ 

1 √ 
1 

e −( z−1)2 /2 + √ 
1 

e −(− z−1)2 /2 for z > 0 (otherwise  0)  
2 z 2π 2π � √ √ � 

= √ 
1 

e −( z−1)2 /2 + e −( z+1)2 /2 for z > 0 (otherwise 0)  
2 2πz 

Finally, 
� � √ √ � 

√1 −( z−1)2 /2 + e−( z+1)2 /2 
fY 2 |{X0=1}(z) =  fZ (z) =  2 2πz 

e , for z > 0; 
0, otherwise. 
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