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Problem Set 7 Solutions 
Due: April 6, 2005 

1. Define the following events and RVs: 
W = number of hours Oscar works in a week, 
T = total amount of Oscar’s earnings in a week (including overtime and bonus). 
Now, We want to find E[T ] and  Var(T ). 

T 
1 

A1: No overtime, no bonus w 
1/2 

50 < w < 75 

w < 50 

1/2 

A2: no overtime, no bonus w 
1/2 

1/4 

A3: overtime, no bonus 2(w-50) + 50 

A4: no overtime, bonus w + 100 
1/4


1/4


1/4 A5: no overtime, no bonus w 

75 < w < 100 1/4 

A6: overtime, bonus 2(w-50) + 150 

1/4 

A7: overtime, no bonus 2(w-50) + 50 

From the tree diagram, we use total expectation theorem, 

7 

E[T ] =  P(Ai)E[T |Ai] 
i=1 

Note that {A1, A2, ..., A7} is mutually exclusive and collectively exhaustive. 

For each Ai, the conditional PDF fT |Ai 
(t) is constant because any linear function aX + b of 

a uniformly distributed RV X is also uniformly distributed. Therefore, 

1fT |A1
(t) =  for 0 ≤ t ≤ 5050 

1fT |A2
(t) =  for 50 < t  ≤ 7525 

1fT |A3
(t) =  for 50 < t  ≤ 10050 

1fT |A4
(t) =  for 175 < t  ≤ 20025 

1fT |A5
(t) =  for 75 < t  ≤ 10025 

1fT |A6
(t) =  for 200 < t  ≤ 25050 

1fT |A7
(t) =  for 100 < t  ≤ 15050 
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and 
E[T |A1] =  
E[T |A3] =  
E[T |A5] =  
E[T |A7] = 

25  
75  
175 
2 

125. 

E[T |A2] =  
E[T |A4] =  
E[T |A6] = 

125 
2 

375 
2 

225 

Using the total expectation theorem, the expected salary per week is then equal to 

1 1 125 1 1 375 1 175 1 1
E[T ] =  · 25 + · + · 75 + · + · + · 225 + · 125 = 

2 8 2 8 16 2 16 2 16 16 

For the variance of T , we need to first find E[T 2]. 

7 

E[T 2] =  P(Ai)E[T 2|Ai]. 
i=1 

68.75. 

Using the fact that E[X2] = (a2 +ab +b2)/3 = ((a +b)2 − ab)/3 for any uniformly distributed 
RV X ranging from a to b, we obtain 

E[T 2|A1] =  502/3 E[T 2|A2] = (1252 − 50 · 75)/3 
E[T 2|A3] = (1502 − 50 · 100)/3 E[T 2|A4] = (3752 − 175 · 200)/3 
E[T 2|A5] = (1752 − 75 · 100)/3 E[T 2|A6] = (4502 − 200 · 250)/3 
E[T 2|A7] = (2502 − 100 · 150)/3. 

Therefore, 

1 2500 1 11875 1 17500 1 105625 1 23125 1 152500 1 47500 101875 
+ =E[T 2] =

2 3
+

8 3
+

8 3
+

16 3
+

16 3
+

16 3 16 3 12 
. 

Var(T ) =  E[T 2] − (E[T ])2 = 
180625 ≈

48 

2. 

3763. 

(a) The transform MJ (s) given is a transform of a binomial random variable with parameters 
2 n = 10 and  p = . Thus the PMF for J is:3

pJ (j) =  

� 
n 
j 

� 

(
1 
3
)n−j (

2 
3
)j for j = 0, 1, 2, ...10 

(b) Again by inspection, K is a geometric random variable shifted to the right by 3 with 
1 
5 

se3s1 . This is because we can rewrite MK (s) =  e5parameter p = . Thus, 4 
5
es1−

4 1 
pK (k) = (

5
)k−4 for k = 4, 5, 6, ...

5 

1
E[K] = 3  +  = 3  +  5  = 8  

p 

5Var(K) =
1
p

− 
2 

p 
= 

4 

= 20  1 
25 
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(c) Note that L = K1 + K2 + ...KJ , thus  L is a random sum of random variables. So, 
determining the transform of L is easier than determining the PMF for L. 

1 4s1 2 5eML(s) =  MJ (s) |es =MK (s)= ( +
3
(
1 − 4es 

))10 
3 

5

160The expectation of L is E[L] =  E[K]E[J ] = 8  ∗ 20 = 33 

The variance of L is 

2 2 1 2480
Var(L) = Var(K)E[J ] + Var(J )(E[K])2 = (20)(10 ∗ 

3
) + (10 ∗ 

3 
∗ 

3
)(64) = 

9 
1(d) P(person donates) = 4 . Let  M = total # of donors from all living groups, and define 

1 if ith person donates 
Xi = 

0 otherwise.


The PMF for X is just


1 if x = 14pX (x) =  3 if x = 0.  4 

Then,


M = X1 + X2 + ...XL.


Therefore the transform of M is:


MM (s) =  ML(s) |
es=MX (s) 

The transform of X is (by inspection)


3 1

MX (s) = ( + e s)

4 4


Therefore,


11 2 5(3 + 1 es)4 
))104 4MM (s) = ( +

3
(
1 − 4 1 es)3 

5(3 +4 4

To obtain P(M = 0), we simply evaluate the transform of M at es = 0.  

11 2 5(3 

pM (0) = MM (s) |es =0= ( +
3
(
1 − 

4
4 

)4

4)
))10 .

3 
5(3


The expectation of M is E[M ] =  E[X]E[L] =  40

3 

The variance of M	 is


Var(M ) = Var(X)E[L] + Var(L)(E[X])2 = 27.22
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3. We know that: 
ρ(X1, X2) =  

Cov(X1, X2) 
σX1σX2 

Therefore we first find the covariance: 

Cov(A,B) =  E[AB] − E[A]E[B] 
=	 E[WX  + WY  + X2 + XY  ] 
=	 E[X2] = 1  

and � √ 
σA = Var(A) =  2 � √ 
σB = Var(B) =  2 

and therefore: 
1 

ρ(A,B) =
2
. 

We proceed as above to find the correlation of A,C. 

Cov(A,C) =  E[AC] − E[A]E[C] 
=	 E[WY  + WZ  + XY  + XZ] 
= 0  

and therefore

ρ(A,C) = 0.


4.	 (a) First note that X̂ should be a r.v., not a number. In particular, we are to minimize over 
X that can be expressed as functions of Y . From lecture, ˆall r.v.’s ˆ X = E[X|Y ]. 

Now, take conditional expectations, to get Y = E[Y |Y ] =  E[X|Y ] +  E[W |Y ]. Since 
there is complete symmetry between X and W , we also have  E[X|Y ] =  E[W |Y ], which 
finally yields E[X|Y ] =  Y/2. 

(b) In the dependent case,	 we cannot simply conclude that the distribution fX,W (x,w) 
is symmetric in its two argument (i.e., fX,W (x,w) =  fX,W (w, x)), even though the 
marginals fX (x), fW (w) are the same. 
Since fX,W (x,w) is not symmetric, E[X|Y ] 
= E[W |Y ] in general. 
So in this case, one cannot really solve the problem with the available information, we 
really need the joint distribution in order to compute the conditional expectations. 
The solution given in the independent case still works, though, for any symmetric dis­
tribution. 

5.	 (a) Let A be the event that the sender transmitted, and K be the number of photons counted 
by the photodetector. Using Bayes rule, 

|A(k)P(A) pX +N (k) · pP(A | K = k) =  
pK = 

pK (k) pN (k) · (1 − p) +  pX+N (k) · p 
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The discrete random variables X and N are given by the following PMF’s: 

λxe−λ 

pX (x) =  
x! 

, x  ≥ 0 

n −µe
pN (n) =  

µ

n! 
, n  ≥ 0 

The sum of two independent Poisson random variables is also Poisson, with mean equal 
to the sum of the means of each of the random variables. This fact can be derived by 
looking at the product of the transforms of X and N . Therefore: 

−(λ+µ)e
pX +N (k) =

(λ+ µ)k 

, k  ≥ 0 
k! 

Thus, 

−(λ+µ)(λ+µ)k e
k!P(A | K = k) =  

p · 
+ (1 − p) · µk e−µ 

= 
1 +  1−p 

� 
1 

λ+µ 

�k 
eλ 

−(λ+µ)(λ+µ)k e µp · k! k! p 

(b) Let S be the number of photons transmitted by the sender. Then with probability p, 
S = X, and with probability 1 − p, S = 0. The least squares estimate of the number of 
photons transmitted by the sender is simply the mean, in the absence of any additional 
information: 

Ŝ1 = E[S] =  p · λ+ (1 − p) · 0 =  pλ. 

(c) The least squares predictor has a form 

Ŝ2(k) =  E[S | K = k]. 

Using Bayes rule, 

k k 1 k 

Ŝ2(k) =  spS|K (s|k) =  s
pK|S (k|s)pS (s) = 

pK (k) s=0 

spK|S (k|s)pS (s). 
pK (k)s=0 s=0 

From the definitions of S and K, the following are true: 

(1 − p) +  pe−λ, s  = 0  
λspS (s) =  

p s
e
! 

−λ 
, s = 1, 2, . . .  

−µ 

pK|S (k|s) =  pN (k − s) =  
µ(k−s)e

(k − s)! 
−(λ+µ) k −µ 

pK (k) =  p 
(λ+ µ)ke

+ (1 − p)
µ e

k! k! 

In order to obtain the last expression, we observe that K = S + N with probability p, 
and K = N with probability 1 − p. Substituting into the formula above, 

−µ � λse−λ µ(k−s)e−µ 

Ŝ2(k) =  
pK 

1
(k)

0 · (1 − p)
µ(k−0)e

+ 
k 

sp 

� 

(k − 0)! s! (k − s)!
s=0 
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k � 
λ 

�s � �(k−s)1 −λ −µ (λ + µ)k � k!	 µ
= 

pK (k)
pe e	 s 

k! s!(k − s)! λ + µ λ + µ
s=0 

1 −µ (λ + µ)k λ 
= 

pK (k)
pe −λ e k = k

λ pe−(λ+µ)(λ + µ)k 

k! λ + µ λ + µ k!pK (k) 
λ 1 

= k 
1 +  1−p 

� �k . 
λ + µ µ eλ 

p λ+µ 

Thus 
1 

Ŝ2(k) =  
kλ	

. 
λ + µ 1 +  1−p 

� 
µ 

�k 
λep λ+µ 

kλNote that as k increases, the estimator can be approximated by λ+µ . 

(d) The linear least squares predictor has the form 

Ŝ3(k) =  E[S] +  
Cov(S, K)

(k − E[K])	 (1)
σ2 

K 

Note that since X and N are independent, S and N are also independent. 

E[S] =  pλ 
E[S2] =  pE[X 2] + (1 − p)(0) = p(λ2 + λ) 
σ2 = E[S2] − (E[S])2 = p(λ2 + λ) − (pλ)2 = p(1 − p)λ2 + pλ.S 

⇒	 E[K] =  E[S] +  E[N ] =  pλ + µ

σ2 = σ2 + σ2


K S N 
= p(1 − p)λ2 + pλ + µ. 

Finally, we need to find Cov(S, K). 

Cov(S, K) =  E[(S − E[S])(K − E[K])] 
= E[(S − E[S])(S − E[S] +  N − E[N ])] 
= E[(S − E[S])(S − E[S])] + E[(S − E[S])(N − E[N ])] 
= σ2 

S + E[(S − E[S])(N − E[N ])] 
= σ2 

S 

= p(1 − p)λ2 + pλ. 

Note that we have used the fact that (S − E[S]) and (N − E[N ]) are independent, and 
E[(S − E[S])] = 0 = E[(N − E[N ])].

Therefore, substituting all the numbers into the equation above, we get the linear pre­

dictor:


Ŝ3(k) =  pλ + 
p(1 − p)λ2 + pλ 

(k − pλ − µ) . 
p(1 − p)λ2 + pλ + µ 

The graph bellow illustrates the three estimators for a particular setting of the parame­
ters λ = 30, µ  = 5, p  = 0.2: 
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