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G1. (a) Since K is positive definite and symmetric, its inverse K−1 is also positive definite and 
symmetric. A symmetric matrix can be diagonalized. Let D be the diagonalized matrix 
of K−1, where D is a 2× 2 matrix composed of the eigenvalues of K−1 , λ1 and λ2, each 
with corresponding eigenvectors, P1 and P2. P1 is the column vector,(p11, p21)t, and  P2 

is (p12, p22)t. 
A change of variables can be made where 

(x − µ) =  P (y − µ), 

where P is a 2 × 2 matrix composed of the two column eigenvectors P1 and P2 and y 
is the column vector (y1, y2)t. Since  (x − µ) equals P (y − µ), x1 can be expressed as 
a linear combination of y1 and y2, x1 = ay1 + by2 and likewise, x2 can be expressed as 
x2 = cy1 + dy2. 

(x − µ)tK−1(x − µ) = (y − µ)tD(y − µ) =  λ1(y1 − µ1)2 + λ2(y2 − µ2)2 

The PDF of X1 and X2 now becomes: 

1 
f(Y1,Y2)(y1, y2) =  � e −(λ1(y1−µ1)2+λ2(y2−µ2)2)/2 

2π |K| , 

Let λ1 = 1/σ2 and λ2 = 1/σ2 
2. Then |K| = σ1σ2 and the PDF can be written as 1 

follows: 

2σ2 +
(y2−µ2)2 

)1 −(
(y1−µ1)2 

2σ2 
1 2 .f(Y1,Y2)(y1, y2) =

2πσ1σ2 
e 

f(Y1,Y2)(y1, y2) can now be separated into the product of the two marginal PDF’s of Y1 

and Y2. 
1 −(

(y1−µ1)2 

1fY1(y1) =  √ e 2σ2 ) 

2πσ1 

1 −(
(y2−µ2)2 

2fY2(y2) =  √ e 2σ2 ) 

2πσ2 

Therefore, Y1 and Y2 are both independent normal random variables, where X1 =  aY1 + 
bY2 and X2 = cY1 + dY2. (In this problem Y1 is U and Y2 is V ). 

(b) 

s(αX1+βX2+γ)]MY (s) =  E[e 
s(α(aU +bV )+β(cU +dV )+γ)]= E[e 

sU (αa+βc)e sU (αb+βd)]= e sγ E[e 

Let c1 = αa + βc and let c2 = αb + βd 

sc1U sc2V ]MY (s) =  e sγ E[e e 

= e sγ MU (sc1)MV (sc2) 
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Since U ∼ N (µU , σ
2	

V ), the transforms of U and V are the following: U ) and  V ∼ N (µV , σ
2 

σ2 2	 σ2 2s 
V +µV sMU (s) =  e 

U 
2 

+µU s, MV (s) =  e 2 

s 

Finally 
2(σ2 c 2+σ2 c2) 

s2+(c1µU +c2µV +γ)sMY (s) =  e 
U 1

2 
V	

, 

which implies that Y is Gaussian with mean equal to (c1µU + c2µV + γ) and variance 
2(σ2 2 

V c2).U c1 + σ2 

(c) The multivariate transform of X1 and X2 can be written as 

MX1,X2(s1, s2) =  E[e	s1X1+s2X2 ] 
s1(aU +bV )+s2(cU +dV )]= E[e 

= E[e(s1a+s2c)U + e(s1b+s2d)V ] 

= MU (s)� ∗MV (s)� 
s=s1a+s2c s=s1b+s2d 

G2. In this problem, we want to find the linear estimator g(Y1, Y2) that minimizes E[(X − 
g(Y1, Y2))2]. This is an extension of the case of single measurement. Our estimator is of 
the form 

g(Y1, Y2) =  a1Y1 + a2Y2 + b 

and therefore our goal is to find a1, a2 and b that solve 

minimize (E[(X − a1Y1 − a2Y2 − b)2]) (∗) 

To achieve (∗), we must satisfy 

∂E[(X−a1Y1−a2Y2−b)2] = E[2(X − a1Y1 − a2Y2 − b)(−1)] = 0∂b 
∂E[(X−a1Y1−a2Y2−b)2] = E[2(X − a1Y1 − a2Y2 − b)(−Y1)] = 0  ∂a1 
∂E[(X−a1Y1−a2Y2−b)2] = E[2(X − a1Y1 − a2Y2 − b)(−Y2)] = 0  ∂a2 

and ∂2E[·]/∂b2 , ∂2E[·]/∂a1
2, and  ∂2E[·]/∂a2

2 must be > 0.


By the linearity of expectation,


b = E[X] − a1E[Y1] − a2E[Y2]  (1)  
a1E[Y1

2] =  E[XY1] − a2E[Y1Y2] − bE[Y1]  (2)  
a2E[Y2

2] =  E[XY2] − a1E[Y1Y2] − bE[Y2]. (3) 

We now have 3 equations to solve for 3 unknowns.


Consider (2) − E[Y1] · (1), we obtain


a1E[Y 2] − bE[Y1] =  E[XY1] − a2E[Y1Y2] − bE[Y1] − E[X]E[Y1] +  a1(E[Y1])2 + a2E[Y1]E[Y2].1 

Arranging algebra and use the fact that E[Y1Y2] =  E[Y1]E[Y2] 

a1(E[Y 2] − (E[Y1])2) =  E[XY1] − E[X]E[Y1].1 
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Similarly, 
a2(E[Y 2] − (E[Y2])2) =  E[XY2] − E[X]E[Y2].2 

Therefore, 
a1 = (E[XY1] − E[X]E[Y1])/σ2 

Y1 

a2 = (E[XY2] − E[X]E[Y2])/σ2 
Y2 

b = E[X] − a1E[Y1] − a2E[Y2]. 

Writing this expression in the similar term as the case of single measurement: 

g(Y1, Y2) =  E[X] +  Cov(X,Y1) 
2σY1 

2σY
(Y1 − E[Y1]) + Cov(X,Y2)(Y2 − E[Y2]) 

2 

where we use the fact that Cov(X, Y ) =  E[(X − E[X])(Y − E[Y ])] = E[XY  ] − E[X]E[Y ]. 

Note: Convince yourself that the second order condition is satisfied. 

Page 3 of 3 


