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GI1.

(a)

Problem Set 7G Solutions
Due: April 6, 2005

Since K is positive definite and symmetric, its inverse K ! is also positive definite and
symmetric. A symmetric matrix can be diagonalized. Let D be the diagonalized matrix
of K~1, where D is a 2 x 2 matrix composed of the eigenvalues of K1, A\; and \o, each
with corresponding eigenvectors, P; and P». P; is the column vector,(p11, pgl)t, and P
is (p12, p22)".

A change of variables can be made where

(z—p) =Ply—p),

where P is a 2 X 2 matrix composed of the two column eigenvectors Py and P and y

is the column vector (yi,y2)'. Since (z — i) equals P(y — p), x1 can be expressed as
a linear combination of y; and ys, 1 = ay; + bys and likewise, zo can be expressed as
Ty = cy1 + dyo.

(2 - 'Kz —p) = (y— 0Dy — 1) = My — 1) + Aa(y2 — p1o)’

The PDF of X; and X5 now becomes:

e~ (M —u1)2+>\2(y2—/ﬁ2)2)/2,

Fo (1s92) = ——
(Y1,Y2)\Y1,Y2) = 27“/@

Let Ay = 1/0? and Ay = 1/03. Then /[K| = 0102 and the PDF can be written as
follows:

f ( ) 1 _((91;151)2_,’_(1122—652)2)
1 2) = (&} 1 2
(Y1,Y2)\Y1, Y ro109

fovi,ve) (U1, y2) can now be separated into the product of the two marginal PDF’s of Y}
and Ys.

1 —usr
= (& 201
fY1 (yl) \/%0_1
2
1 7((?42*”2) )
fYQ (yQ) 20%

= e

\V2mwog
Therefore, Y7 and Y5 are both independent normal random variables, where X1 = aY7 +
bY, and X9 = ¢Y7 + dY3. (In this problem Y; is U and Y3 is V).

My(s) = E[€S(O¢X1+5X2+7)]
E[es(a(aU+bV)+,3(cU+dV)+W)]

est[esU(aa—&—ﬁc)esU(ab—i—Bd)}
Let ¢ = aa + f[c and let co = ab + Bd

My(s) — eS’YE[6561UeSCQV]
= e My(sc1) My (sca)

Page 1 of 3



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Spring 2005)

Since U ~ N (uy, 0%) and V ~ N (uy, 0%), the transforms of U and V' are the following:

02 52 02 52

My(s) =e tuus My(s)=e g tuys

Finally

(ofrei+oe3) o
My (s) =e 3 s +(C1uu+cglw+W)S7

which implies that Y is Gaussian with mean equal to (¢ijuy + copy + 7y) and variance
(0t + ot cl).
(c) The multivariate transform of X; and X5 can be written as
My, x,(s1,82) = E[em o]
— E[es1(aU+bV)+sg(cU+dV)]
E[e(sla+S2C)U +e(s1b+52d)V]

= My(s) * My (s)

s=s1a+sacC s=s81b+sod

G2. In this problem, we want to find the linear estimator g(Y;,Y2) that minimizes E[(X —
g(Y1,Y2))?]. This is an extension of the case of single measurement. Our estimator is of
the form

g(Y1,Y2) = a1Y1 +aYo + b

and therefore our goal is to find a;, as and b that solve

minimize (BE[(X — a1Y; — agYs — b)?]) (%)

To achieve (x), we must satisfy

OE[(X—a1Y1—a2Y2—b)?]

o ) = E[Q(X — CL1Y1 - a2Y2 - b)(*l)] = 0
BT E[a(X — @Y - apYs — )(-V1)] =
PBCe Vs Ra(X — Yy — Vs — b)(—Ya)] = O

and 0?E[-]/0b%, 0’E[:]/da;?, and 0’E[-]/0as? must be > 0.
By the linearity of expectation,

b = E[X]-aE[Yi] - aEY)] (1)
wE[?] = E[XY] - aEl Y] - bE[Y] (2)
wE[YZ] = E[XY:] - aiE[Y1Ys] — bE[Ya). (3)

We now have 3 equations to solve for 3 unknowns.
Consider (2) — E[Y1] - (1), we obtain

o E[Y?] — bE[Y1] = E[XY1] — a2E[Y1Y3] — bE[Y1] — E[X|E[V1] + a1 (E[Y1])? + a2 E[V1]E[Y2).
Arranging algebra and use the fact that E[Y1Ys] = E[Y1]E[Y3]

a1 (E[Y{] - (E[1))*) = E[X V1] - E[X]E[v].
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Similarly,
az(E[Y7] - (E[Y2])?) = E[XY2] — E[X]E[Y3].
Therefore,
ar = (E[XV1] - E[X]E[Y1])/0},
ay = (E[XY3] - E[X]E[Y2])/07,
b = E[X]-aE[Y]] - aE[Y;].

Writing this expression in the similar term as the case of single measurement:

9(%1,Y2) = BLX] + 20N (v; — B[vi)) + SO (y; — B[y
1 2

where we use the fact that Cov(X,Y) = E[(X — E[X])(Y — E[Y])] = E[XY] — E[X|E[Y].

Note: Convince yourself that the second order condition is satisfied.
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