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Problem Set 6 Solutions
Due: March 30, 2005

1. Let Y = X?2 4+ 2X + 1. To find the PDF of Y, we first have to find its CDF. If y > 0,
Fy(y) = P <y)
= P(X?+2X+1<y)
— P(X+12<y)
= Py (X+1)<vy)
= Fx(Vy—1) - Fx(=vy—1),

and, otherwise, it is 0. So, we have

frly) = Fy (y)

d
ay
o (Px(vi=1) = Fx(-Vlo) - )

d

d d
= mFX(\/@—l)d_y(\/y—l)— mFX(_\/ﬂ_l)d—y(—\/@—l)

= 7fx(f )+7fx( VY —1).

Note that the above only holds if ¥ > 0, which makes sense since Y is a perfect square and is
never negative. If y < 0, then fy(y) = 0.

Q=

To specialize our answer to the case where X is a uniformly distributed between 0 and 1,
note that fx(—,/y —1) = 0 for all values of . Also, fx(\/y—1)=1for0<,/y—1<1and
0 otherwise. Therefore, we have

fr(y) = 7fX(\f 1),
and )
) s if1<y<4,
Frly) = { Sﬁ otherwise.

2. If 3 <z <6, we have
v = [ Ix@hG-od
min(2,z—3)
= / 1al:z:
max(0,z—4) 2
= (min(2,z —3) —max(0,z —4))/2.

The PDF of X +Y is then
(z—3)/2, if3<z<4,

1/2, if4<z<5,
Z) =
fxav (@) (6—2)/2, if5<z<6,
0, otherwise.
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The sketch of this PDF follows.

)

. Let X and Y be the number of flips until Alice and Bob stop, respectively. Thus, X + Y is
the total number of flips until both stop. The random variables X and Y are independent
geometric random variables with parameters 1/4 and 3/4, respectively. By convolution, we
have

oo

pxv(@) = D px(k)py(j—k)

koo
-1

- 2(1/4)(3/4)k_1(3/4)(1/4)j—k—1
k=1
1 Jj—1

= 5 > 3k
1 3j -1

S v ( 3-1 1)

3J

|
—

43 ’

DO o
—~

if j > 2, and 0 otherwise. (Even though X + Y is not geometric, it roughly behaves like one
with parameter 3/4.)

. Let Y and Z be independent exponential random variables with parameters 1 and 3, respec-
tively. Then, we have
Mx (s) = My (s)Mz(s).

Hence, X =Y + Z. By convolution, we have

@ = [ T ) v — ) de

= / 3e 3%~ (@2) g,
0

xT
= 3e_x/ e %% dz
0

_ 3 —x —3x

= 2(6 e 7).
if z > 0, and 0 otherwise. (Even though X is not exponential, it roughly behaves like one
with parameter 1.)
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D.

(a)

By linearity of expectation and since X; have the same distribution as X, we have
E[W] = 4E[X].

Since, in addition, X1, Xo, ... are independent, by the linearity of the sum of independent
random variables, we have
var(W) = 4var(X).

Since V' = 0.25W, by linearity of expectation, the variance of a linear function of a
random variable, and the previous result, we have

E[V] = E[X],var(V) = var(X)/4.

We have U = W +Y. Assuming the random variables Y, X1, Xo, ... are independent, W
is independent of Y, since functions of different independent random variables are inde-
pendent. Therefore, by linearity of expectation, the variance of the sum of independent
random variables, and a previous result, we have

E[U] =4E[X]| + E[Y],var(U) = 4var(X) + var(Y).
By linearity of expectation, we have
E[R] = 4E[X] — E[Y].

Since, in addition, X and Y are independent, by the variance of a sum of independent
random variables and the variance of a linear function of a random variable, we obtain

var(R) = 16var(X) + var(Y).

The transform of ) corresponds to that of a sum of 5 iid random variables with the same
PMF as X. Hence, by the uniqueness property of transforms, linearity of expectation
and the variance of a sum of independent random variables, we have

E[Q] = 5E[X], var(Q) = bvar(X).

The transform of H corresponds to that of a sum of 5 independent random variables,
2 of them having the same PMF as X and 3 of them the same PMF as Y. By the
uniqueness property of transform, linearity of expectation and the variance of a sum of
independent random variables, we get

E[H] = 2E[X]| 4 3E[Y], var(H) = 2var(X) + 3var(Y').

By the transform of G and the uniqueness property of transforms, we have G = X + 6.
By linearity of expectation and the variance of a linear function of a random variable,
we obtain

E[G] = E[X] + 6, var(G) = var(X).

By the transform of D and the uniqueness property of transforms, we have D = 7X.
Therefore, by the linearity of expectation and the variance of a linear function of a
random variable, we obtain

E[D] = 7TE[X], var(D) = 49var(X).
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6.

(a) By comparing My (s) with the definition of the transform, we see that X has the following
PMF:

Life=1,
;, if x = 2,
px(s) =19 2 ifz=4,
%, if £ =6,
0, otherwise.

(b) From the total expectation theorem and the transform of the Poisson random variable,

Ee’] = ) px(BE[Y|X =k
ke{1,2,4,6}
= D px(kety
ke{1,2,4,6}
1 (s 1 os 5 s 1 g(es
_ = (e5—1) - 2(e*—-1) 0 4(e$-1) - 6(ef—1)
g€ Taf T oc T ’
Note that we could have also used the law of iterated expectations, which we will see
later.
()
BY] = S My(y)
T ods Y Y s=0
— (Ule(es_l)—’—s—|—(2)162(65_1)_‘_54-(4)364(63_1)+8+(6)166(65_1)4_5
8 2 24 6 s=0
1 1 5 1
= (=)@ —) (2 =2 )4 -
(5) 0+ (5) @+ (5) @+ (5)©
23
= 24 —.
+ 24

The above answer can also be found by simply noting that E[Y|X] = X from the
property of the Poisson random variable.

We can find the second moment of Y by differentiating the transform twice and then
obtain the variance from E[Y?] — (E[Y])2.

E[Y?] = T2 My () B
- (e (3)es+ (5o + () oo
= 14 >
— + 15
Therefore,
var[Y] = E[YQ] —(E[Y])2
5 23\ 2
= 14+ ol (2 ﬂ)
_ 5 383
+%-
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An alternative method is to use the law of total variance, which we will see later (see
page 229 of the textbook).

. The transforms associated with X, Y and Z are as follows:

0252
Mx(s) = ez,

O'%/-SQ
My(s) = e~z , and

0'2Z\52
Mz(s) = e 2

We know that var(aX) = a®0%, so what aX is a zero-mean Gaussian random variable with
the above variance. Moreover, since X, Y and Z are independent random variables, we have

Mg(s) = E[e?)
— E[es aX+bY+cZ)]

= E[e™YE[*Y]E[e®?] due to independence
o'X(as)2 o'Y(bs)2 022(35)2

= e 2 e 2 e 2
(a o'X+b2o'Y+c2o'%)52

= é 2

Only Gaussian random varibles are associated with a transform of the form of Mg(s). There-
fore, we conclude that the distribution of Q must be N(0,a%0% + b*0% + c?0%), and its PDF
is given by

2

fala) = 1

\/27'(' (a?0% + V20l + c%0%)

Without using transforms, we would have to find the PDF of Q) by doing convolution twice.
Let us first define the random variable W = aX + bY. First note that the CDF of W is

(w—ax)
Fy(w) = / / x) fy (y) dy dzx
- / Fx (@) Py ((w — az) /b) dx
Taking derivatives, we then get that the PDF of W is given by

For(w) = /_OO fX(x)fy((w—ax)/b)%dx

_ /OO 1 S M S (T Y DLV SR
oo V2o x V2moy b

I / % @ e (wma) D)0} gy
2wbox oy
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The second factor in the exponential can be expressed, by completing the square, as

2 N ((w — az)/b)? _ voia? + ow? — 20%waz + a’o%
o2 o2 b202 o2
X Yy X%y
(a?0% + V?0})2? — 2zackw + o3 w?
- 2 2 2
bcox oy
2+ 2ol 2 cwa o3 w?
= b2 — 2 202 T 202 - b2o2
O'XO'Y aa + O'Y aaX+ oy
2
a? aX + b2 aan cwg(w
- 252 02 a202 + b202 + a?c% + b?oi +
X% Y Xt
2
aan n an
a202 + b2 a202 + b2oi
2 2 2 2 2.9
B (a O'X 4+ bo aan > n b ooy w
= 2.2 2 2 2 2 2 232
JXO'Y a‘oy +bo (a20% + b%oy)
_ aag(w 2
o x a20§{+b2 w
- 202 02 2 2 2.2
( Paoyoy ) a’o% + b0}
a?ox +bio
To simplify notation, let
aagcw
H=3 2
a JX + b°o
2 bQUXU%/

= 92 2 9
a*oy + b2y

and
0124/ = (120§( + bza%/.

Continuing our derivation of the PDF of W above, we then have

1 o0 1 2/ 2,2/, 2
- - —5((z—p)?/o*+w?/oyy)
fw(w) 27Tbaxay/ €’ v dw
_ # —w?/(20%,) / (2-1)2/(20%) g,
wbox oy
1

_ bl oy / L w2/ g4,

2nbo x oy —oo V210

_ 1 /%) o
2mbo x oy

1 e
2 (a202. 4+b202)

= é X Y s

\/27r(a20’§( + b20l)

where the second-to-last equality results because the integral evaluates to 1, since we are
integrating the PDF of a normal random variable with mean g and variance o? over all
its possible values. The last equality results after substituting the expression for ¢ and
simplifying.
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From our derivation of the PDF of W, we conclude that if W = a X +bY, where X ~ N (0, O'gf)
and Y ~ N(0,0%), then W ~ N(0,a?c% + b*0%). Therefore, if we apply this result again to
the random variable @ = aX +bY +cZ = W + cZ, we get that Q ~ N(0,12(a%0% + V%02 ) +
c?0%), or, simplifying, @ ~ N(0,a%0% + b*0% + c*0%). Hence, the PDF of Q is

_1 q?
2 (a20§(+b20%+c20%) .

- 1
\/27'((@20%( + %0} + c20%)

fola)

e

. Without using transforms, we know that the PDF of X is

. ifa<z<b,
0, otherwise.

Thus, we have

2(b—a)

2(b—a)
b+a

Using the transform, we know that

(see page 220 in the textbook). Now, evaluating its derivative at 0, we get

d
E[X] = £MX(S)
5=0
B 1 (sb—1)e®® — (sa — 1)e®
- b—a 52 a0
= 0/0,
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which has an indeterminate form. Applying L’Hopital’s rule, we get

E[X]

sb?est — saZe

be®t + (sb — 1)be®® — ae®® — (sa — 1)ae®®

2s s=0

2 sa

62€Sb _ CLQesa

2s s=0
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