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G1. (a) Using the inequality Ina < a — 1, we have
—> pilnpi+Y pilngi=)Y piln (—Z> <> pi <—Z - 1> =0,
i—1 i—1 i=1 pi/ = NP

with equality if and only if p; = ¢; for all 4. Since Inp = logpIn 2, we obtain the desired
relation H(X) < —> ; p;logg;. The inequality H(X) < logn is obtained by setting
gi = 1/n for all i.

(b) The numbers px (x)py (y) satisfy 3>, >, px(z)py (y) = 1, so by part (a), we have

DY pxy(zy)log (pxy(z,y) = > Y pxy(z,y)log (px(z)py (),

with equality if and only if

pxy(z,y) = px(z)py (y), for all x and y,

which is equivalent to X and Y being independent.
(c) We have

I(X;Y) =) pxy(@,y)logpxy(,y) = DY pxy(@,y)log (px(x)py (v)) ,
T oy r oy

and

SN () logpxy (e,y) = ~H(X,Y)
z Yy

=2 pxy(zy)log(px(@)py(y) = =D > pxy(wy)logpx(z)
-2 pr,Y(x, y)log py (y)

= = px(x) long ZPY )log py (y)
= H(X)+H(Y).
Combining the above three relations, we obtain I(X;Y) = H(X)+ H(Y) - H(X,Y).

(d) From the calculation in part (c), we have

I(X;Y) = ZZPXY x,y)logpx,y (z,y) pr ) log px (= ZZPXY x,y)log py (y)
)

= HOO+ X Sl ls (”’”72)”)

py (
= +ZZPY y)rxy (x| y)logpxy(z | v)

= H(X)- (X|Y).
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