LECTURE 12

Readings: Section 4.1

Lecture outline
Definition of transforms
Why transforms?
Moment generating properties
Examples

Transform of a sum of independent r.v.'s

Why transforms

e A new kind of representation

e Sometimes convenient for:

calculations

analytical derivations
and theorem proving

Definition of transforms

Mx (s) = E[*¥]

e X discrete, pmf px(x)

Mx(s) = E[e**] = )~ e*px (2)

e X continuous, pdf fx(z)

Mx(s) = EleX) = [~ e*fy(a) da

e Inversion theorem:
Know the transform
— pmf or pdf uniquely determined

Moment generating properties

e Find moments without integrating

My(s) =Ele¥] = [~ efx(a) da

Mx(s)|s—0 = E[e%¥] =1
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Exponential pdf example
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e Can also get E[X?] etc. this way

Sums of independent random variables
e X,Y independent

Ixy(,y) = fx(@)fy(y)
e W=X4Y

o My (s) = Mx(s)My(s)

e Add r.v.'s <= multiply transforms

o Mx(s)=

e Use
1

Discrete random variables

e If X takes nonnegative integer values:

Mx(s) = E[e**] =3 e"px(a)

= px(0) +px(1)e +px(2)e?* + -
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o Mx(s) =
pes(14+ (1—p)ed+ (1 —p)2e* + (1 —p)3e3s 4.

o px(z) =p(1-p)*1, r=1,2,...

(geometric distribution)

Transform of normal

General normal N(u,o2):

1 2 2
— —(z—p)*/20
Ix(@) = ""e

Transform: Mx(s) = (5202 /2)Fsp

Sum of independent normal:
X ~ N(mg,02), Y ~ N(my,02),
W=X+Y

My (s) = Mx(s)My(s)

— 6(520%/2)+smwe(8205/2)+smy

— 6(52(a£+a§)/2)+s(mx+my)

)



