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Problem 1: (55 points)
(a) (13 points)

S

= E Z i+ ZgaT
k=1

1
= E[Z1](E[S] + E[T]) = E[Z1]E[S + T] = E[Z{|E[Y] = u.

B[] + E[Zs.1|E[T] = E[Z/]E[S] + E[Z|E[T]

(b) (14 points)
ps(k) =P(k<Y <k+1)=F(k+1)— Fyk)=(1—e ) (1 —e¥)
— ek _ 6—(k+1) _ e—k(l _ 6_1).
(c) (14 points) We have

OR) e p <ty k< k41
fT\S(tV‘C) = fy|s(t+ klk) = { ps(k) =

0 otherwise.

Now, for k <t-+k < k+ 1, or equivalently, 0 <t < 1,

frlitk) _eth e
ps(k?) - e_k(l _ 6_1) C1—e!
Thus,
—t
< fo<t<1
) = It D=
fT\S( ) {0 otherwise.
(d) (14 points) We have
. o 1
_ sk_—k — =Dk — o
MS(S)*ZG e (1 e 1 e Ze —e ) 1_63—1
k=0 F=0
and -
M (s) = Be"C*0] = ¢ M(s) = (1 —¢™) - 1=

In addition,

Therefore,
6(0252/2)+us

. 1 — e(0282/2)+pus—1

and
1

1 — e(0252/2)4ps—1"
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Problem 2: (42 points)

(a) (14 points) We have Z; = X;+ Y, so Z; is a Gaussian-distributed random variable with mean
vt and variance agft + 032,. Hence,

fz(z) = L Gow?faekteed),

2n (0%t + o)

The correlation coefficient between Z; and X; is

cov(Zy, Xy
A = ety
Now,
cov(Z, Xi) = E[(Z; — E[Z,]) (X — E[Xy])]
= E[(X; — E[X{])(X; — E[X}]) + (Y — E[Y}])(X: — E[X}])]
= var(X;) + cov(Yy, X;) = var(Xy).
Hence,

var(Xy) o3t
Zy, X¢) = =\
P2 X1) \| var(Z;) \ okt + o3

(b) (14 points) This question asks for the linear least-squares estimate of X, given Z, = z, which

is given by
ox, 03T o3 0%
EX ] +p (Zr —E[Z;]) =vT + 5= (2 —vT) = — 5 3 5 UT.
0z, oxT + oy oxT + oy oxT + 0oy

(c) (14 points) The least-squares estimate of X, given Z, = z is given by

EIX, |2 =4 = [ afxz(al:)de

—00

Now, using Bayes’ rule,

_Jzx Gl fx (@) fy (2 = 2) fx, (o)

fx.1z,.(%|2) = =
e fz.(2) fz.(2)
1 ef(zfx)2/20'%, 1 ef(xfm')2/20'§(7'
V2moy \/27r0§(‘r
o 1 e—(z—’UT)2/2(O'§(T+O'%,)
2m (0% T+02)
2 2 _1 22 2zz2422 | 22— 2vuratv3r2 (zf'u‘r)2
1 O—XT + O-Y 2 ( a%, + c'g(‘r +2(G‘§<T+U%) .

V2 U%U%T

Page 2 of 3



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Spring 2005)

Simplifying the exponent, we obtain

1 (2% —2xz + 22 N x? — 2urx + V272 (z —vr)?
2(

2 O'%/ a§<7' U%T-}-O’%)
_ _1 03(7' + 032/ 2 _ o Ug(T O'% agﬂ' 032/
- 2' o2 0T v v o271+ o2 U2T+02m— T2 +O’2Z+O'2T+O'2UT
XYY X Y X Y X Y X Y

(z — vT)2
2 2
2(o5 1 +0y)

1 03(7—1-032/ [x—( ag(r - 032/ m_>r

2 03(0%7 Jg(r + U%, 03(7' + 032/
Therefore,
o 1 [o2r 42 —1okried x_( X W)r
E[XT | Jr= z] :/ T X2 5 Y€ 2 o0l o} ol " oFr+ad dr
—co V2T ox0yT
2 2
o%T o
=3 . 77+ 3 - 3 VT,
oxT + 0y oxT + oy

which is the same as the answer to part (b). It is also valid to argue that, because the only
term in the exponent involving both x and z is of the form zz, the mean of the distribution of
X, given Z,. = z must be a linear function of z, which implies that the least-squares estimate
is linear and therefore equal to linear least-squares estimate.

An alternative, and more general, proof is described in Section 4.7 of the textbook.

Page 3 of 3



