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Solutions to In-Class Problems — Week 5, Wed

Problem 1. We apply the following operation to a simple graph G: pick two vertices u 6= v such
that either

1. there is an edge of G between u and v and there is also a path from u to v which does not
include this edge; in this case, delete the edge {u, v}.

2. there is no path from u to v; in this case, add the edge {u, v}.

Keep repeating these operations until it is no longer possible to find two vertices u 6= v to which
an operation applies.

Assume the vertices of G are the integers 1, 2, . . . , n for some n ≥ 2. This procedure can be mod-
elled as a state machine whose states are all possible simple graphs with vertices 1, 2, . . . , n. G is
the start state, and the final states are the graphs on which no operation is possible.

(a) Let G be the graph with vertices {1, 2, 3, 4} and edges

{{1, 2} , {3, 4}}

What are the possible final states reachable from start state G? Draw them.

Solution. It’s not possible to delete any edge. The procedure can only add an edge connecting
exactly one of vertices 1 or 2 to exactly one of vertices 3 or 4, and then terminate. So there are four
possible final states �

(b) Below are three derived variables. Indicate the strongest property from the list below that
each variable is guaranteed to satisfy, no matter what the starting graph G is, and justify your
answer. The properties are: constant, strictly increasing, strictly decreasing ,weakly increasing, weakly
decreasing, none of these

For any state, let e be the number of edges in it, and let c be the number of connected components
it has. For example, since e may increase or decrease in a transition, it does not have any of the
first four properties, so it would be classified none of these. The derived variables are

i) c,
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