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State Machines: Invariants and Termination

1 Modeling Processes

The topic for the week is the application of induction and other proof techniques to the design and
analysis of algorithms and systems. We will focus on the problem of proving that some simple
algorithms behave correctly.

Proving the correctness of a program is a quite different activity than debugging and testing a pro-
gram. Since programs are typically intended to handle a huge, if not infinite, number of different
inputs, completely testing a program on all inputs is rarely feasible, and partial testing always
leaves open the possibility that something will go wrong in the untested cases. A proof of cor-
rectness ensures there are no such loopholes. Correctness proofs for hardware and software are
playing a growing role in assuring system quality, especially for systems performing critical tasks
such as flying airplanes, controlling traffic, and handling financial transactions.

Before we get into the abstract definitions, it will help to look at a couple of entertaining examples.

2 Die Hard

In the movie Die Hard 3, Bruce Willis and Samuel Jackson are coerced by a homicidal maniac into
trying to disarm a bomb on a weight-sensitive platform near a fountain. To disarm the bomb, they
need to quickly measure out exactly four gallons of water and place it on the platform. They have
two empty jugs, one that holds three gallons and one that holds five gallons, and an unlimited
supply of water from the fountain. Their only options are to fill a jug to the top, empty a jug
completely, or pour water from one jug to the other until one is empty or the other is full. They do
succeed in measuring out the four gallons while carefully obeying these rules. You can figure out
how (or go see the movie or §3.3 below).

But Bruce is getting burned out on dying hard, and according to rumor, is contemplating a sequel,
Die Once and For All. In this film, they will face a more devious maniac who provides them with
the same three gallon jug, but with a nine gallon jug instead of the five gallon one. The water-
pouring rules are the same. They must quickly measure out exactly four gallons or the bomb will
go off.

This time the task is impossible—whether done quickly or slowly. We can prove this without much
difficulty. Namely, we’ll prove that it is impossible, by any sequence of moves, to get exactly four
gallons of water into the large jug.
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