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HOMEWORK 3 SOLUTIONS

Ex. 4.1 Note that for any v € C™, (show this!)

[Vl < floll2 < VMmoo (1)

Therefore, for A € C™*™ with x € C"

| Az |2 < v/ml||Az||s — for z # 0, ”T,}Z\CHQ < \/mllAwlloo.
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But, from equation (1), we also know that ”x‘l‘w > ||;):1H2‘ Thus,
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Equation (2) must hold for all z # 0, therefore

A
maxg LEAE = [ A2 < v/l Al

To prove the lower bound ﬁHAHOO < ||A]|2, reconsider equation (1):

Az|| s Az n||Az|| s n||Ax

]2 [ ]] el = [l
(3)
But, from equation (1) for x € C™, ”‘g{ﬁz > m So,
A A
1] ]2
for all z # 0 including x that makes Az ] maximum, so,

ll]loo

Az| oo
max,0 [ = Al < VAl A,

or equivalently,

1
— |4l < ||Al5.
Tl < Al



Exercise 4.5 Any m X n matrix A, it can be expressed as

> 0
A=U Vv’
(o 0)”
where U and V are unitary matrices. The “Moore-Penrose inverse”, or pseudo-inverse of A,
denoted by AT, is then defined as the n x m matrix

-1
A+:V(EO 8>U’.

a) Now we have to show that AT A and AA™ are symmetric, and that AATA = A and ATAAT =
AT, Suppose that ¥ is a diagonal invertible matrix with the dimension of » x r. Using the given
definitions as well as the fact that for a unitary matrix U, U'U = UU’ = I, we have

00 0 0
_ Y0 oy,
=l ) (o)

o Iy 0O /
_ U< - 0>U,

-1
AAT = U(E O)V’V(E 0>U’

which is symmetric. Similarly,

ATA = V(

which is again symmetric.
The facts derived above can be used to show the other two.

AATA = (AAM)A= U< I’”OXT 8 > U'A

_ ITXT‘ O / E 0 /
- U( : O)UU<O 0>v
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Also,
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b) We have to show that when A has full column rank then A* = (A’A)~!A4’, and that when A
has full row rank then AT = A’(AA")~!. If A has full column rank, then we know that m > n,

rank(A) = n, and

_ En><n
A-U( 0

)

Also, as shown in chapter 2, when A has full column rank, (A’A)~! exists. Hence
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Similarly, if A has full row rank, then n > m, rank(A) = m, and

A=U( Smxm 0)V".

It can be proved that when A has full row rank, (A’A)~! exists. Hence,

A(AA) =

V< % >U’<U( 30 )v’v< % >U’)_1
1% ( %/ > v (uss'u’)

1% < % > U'v(zzHo!

(3

At

c¢) Show that, of all x that minimize ||y — Ax||2, the one with the smallest length ||x||2 is given by
# = ATy. If A has full row rank, we have shown in chapter 3 that the solution with the smallest

length is given by

B = A'(AA) Yy,



and from part (b), A'(AA")~1 = A*. Therefore
&= ATy.

Similary, it can be shown that the pseudo inverse is the solution for the case when a matrix A
has a full column rank (compare the results in chapter 2 with the expression you found in part (b)
for AT when A has full column rank).

Now, let’s consider the case when a matrix A is rank deficient, i.e., rank(A) = r < min(m,n)
where A € C™*™ and is thus neither full row or column rank. Suppose we have a singular value
decomposition of A as

A=USV,

where U and V are unitary matrices. Then the norm we are minimizing is

[Az — y|| = |[USV'z — y|| = [UEV'z = U'y)|| = [|Z2 = Uyl

where z = V'x, since || - || is unaltered by the orthogonal transformation, U. Thus, x minimizes
|| Az — y|| if and only if z minimizes ||Xz — ¢||, where ¢ = U’y. Since the rank of A is r, the matrix X
has the nonzero singular values o1, 09, - - - , 0, in its diagonal entries. Then we can rewrite ||Xz —c||?
as follows:

T

n
12z — ¢||? = Z(Uizi — )+ Z .

i=1 i=r+1
It is clear that the minimum of the norm can be achived when z; = 2 for i = 1,2,---,r and
the rest of the z;’s can be chosen arbitrarily. Thus, there are infinitely many solutions Z and the
solution with the minimum norm can be achieved when z; =0 fori =r+1,742,--- ,n. Thus, we
can write this 2 as
z =3¢,

where

»boo
== (%0

and X, is a square matrix with nonzero singular values in its diagonal in decreasing order. This
value of z also yields the value of # of minimal 2 norm since V is a unitary matrix.
Thus the solution to this problem is

2=Vz2=VIc=VEUy=A"y.
It can be easily shown that this choice of AT satisfies all the conditions, or definitions, of pseudo
inverse in a).
Exercise 4.7 Given a complex square matrix A, the definition of the structured singular value
function is as follows.

1
minAcA{Omaz(A)| det(I — AA) =0}

pa(A4) =

4



where A is some set of matrices.
a) If A = {al : a € C}, then det(I — AA) = det(I — aA). Here det(I — aA) = 0 implies that
there exists an  # 0 such that (I — aA)z = 0. Expanding the left hand side of the equation yields

z = aAzr — Lz = Az. Therefore 1 is an eigenvalue of A. Since oymaz(A) = |af,

1

N ()

arg %rélg{amw(A)]det(I —AA) =0} =|a| =|
Therefore, pa(A) = |Amaz(A4)].

b) If A = {A € C"*"}, then following a similar argument as in a), there exists an = # 0 such that
(I — AA)x = 0. That implies that

r=A0Ar — |zlls = [|AAz]2 < [[All2] Azl

1 [|Azfl
- < Umam(A)
1A]l2 H96H2
1
— < A).
- Umax(A) o Uma:v( )

Then, we show that the lower bound can be achieved. Since A = {A € C"*"}, we can choose A
such that

N S
O'max(A)
0
A=V ' U,
0

where U and V are from the SVD of A, A = UXV’. Note that this choice results in
1 0
I-AA=1-V . V=V y Vv
‘ 0 | 1

which is singular, as required. Also from the construction of A, oy.(A) = m. Therefore,

MA(A) = Opmax(A).

¢) If A = {diag(cau,- -+ ,an)|a; € C} with D € {diag(dy,--- ,dy)|d; > 0}, we first note that D1
exists. Thus:

det(I — AD7'AD) = det
= det
= det

I-D 1AAD)

(D~' = D'AA)D)
D' — D7'AA)det(D)
D™YI — AA))det(D)
D~ 1)det([ AA)det(D)
I—AA).

A~ N I/~ /N



Where the first equality follows because A and D~! are diagonal and the last equality holds because
det(DY) = 1/det(D). Thus, pa(A) = ua(D~TAD).

Now let’s show the left side inequality first. Since A; C A, , A; = {al|la € C} and A, =
{diag(ai,--- ,a,)}, we have that

. B — 0> mi _ _
Anélill{amm(A”det(I AA) O}_Arrélélz{amam(A)\det(I AA) =0},

which implies that

pa, (A) < pa, (A).
But from part (a), ua, (A) = p(A), so,

p(A) < pa, (A).

Now we have to show the right side of inequality. Note that with A; = {A € C}, we have Ay C A;.
Thus by following a similar argument as above, we have

i - — 0} > mi - =0}.
Arrélig{amm(A)\det(I AA) 0}_Arr€u£3{amm(A)]det(I AA) =0}

Hence,

pa,(A) = pa,(D'AD) < pp, (D™ AD) = 0mae (D™ AD).

Exercise 4.8 We are given a complex square matrix A with rank(A) = 1. According to the SVD
of A we can write A = uv’ where u, v are complex vectors of dimension n. To simplify computations
we are asked to minimize the Frobenius norm of A in the definition of pa(A). So

(4) 1

A =

Ha minaca{ [|A]7 | det(I — AA) = 0}

A is the set of diagonal matrices with complex entries, A = {diag(d1,--- ,d,)|0; € C}. Introduce
the column vector § = (81,---,9,)7 and the row vector B = (u1vf,--- ,u,v}), then the original

problem can be reformulated after some algebraic manipulations as

1
A) = —
nalA) = e T Ph (B =1

To see this, we use the fact that A = v/, and (from excercise 1.3(a))

det(I — AA) = det(I — Au')
= det(1 —v'Au)
= 1-7Au



Thus det(I — AA) = 0 implies that 1 — v’Au = 0. Then we have

1 = JAu
01 Uy
= (o )
On Up,
01
— ( ’UTUI . 'U;;un )
on
= BJ§

Hence, computing p1a(A) reduces to a least square problem, i.e.,
IAnig{HAHF\ det(I — AA) =0} < min|[|d]|2 s.t. 1 = Bé.
€a

We are dealing with a underdetermined system of equations and we are seeking a minimum norm
solution. Using the projection theorem, the optimal § is given from §° = B’(BB’)~!. Substituting
in the expression of the structured singular value function we obtain:

In the second part of this exercise we define A to be the set of diagonal matrices with real entries,

A = {diag(61,---,6,)|0; € R}. The idea remains the same, we just have to alter the constraint
equation, namely B§ = 1+ 0j. Equivalently one can write D§ = d where D = ( ﬁni((g)) ) and d =

( (1) ) Again the optimal ¢ is obtained by use of the projection theorem and §° = D'(DDT)~1d.

Substituting in the expression of the structured singular value function we obtain:

1
dT(DDT)-1d

pa(A4) =

Exercise 5.1 Suppose that A € C™*" is perturbed by the matrix F € C™*".

1. Show that

|Umax(A + E) - Umax(A)| < Umax(E)-

Also find an E that achieves the upper bound.

Note that

A=A+E-F— Al =[A+E-E| <|A+E|+|E] = [[Al - [A+ E| <[E].



Also,

(A+E)=A+E— A+ E| < || Al + [[Ell — [|A+ E[l - [[Al < [|£].
Thus, putting the two inequalities above together, we get that

A+ El = Al < £l

Note that the norm can be any matrix norm, thus the above inequality holds for the 2-induced
norms which gives us,

|Jmax(A + E) - Umaz(A)| < Umax(E)-

A matrix F that achieves the upper bound is

where U and V' form the SVD of A. Here, A+ E = 0, thus 0,,4:(A+ E) =0, and

0+ Omaz(A)| = Omaz(E)
is achieved.

. Suppose that A has less than full column rank, i.e., the rank(A) < n, but A + E has full
column rank. Show that

Umzn<A + E) < Umam(E)-

Since A does not have full column rank, there exists x # 0 such that

[(A+ E)xlla _ [[Exl

Ar =0 — (A+E)x = Ex — ||(A+E)z|2 = ||Ex|2 — = < ||El|l2 = omaz(E).

lzflz 2l

But,
[(A+ E)xl|

UminA+E <
A+5) < T

as shown in chapter 4 (please refer to the proof in the lecture notes!). Thus

Umzn(A + E) < Uma:c(E)-

Finally, a matrix E that results in A+ E having full column rank and that achieves the upper
bound is



0 0 0
_ 0 JT+1 /
E=Ulv 0 0 o |V
0
for
01 0 0 0
0 0 O
A=U 0 o Vv’
0
Note that A has rank r < n, but that A 4+ E has rank n,
op 0 O 0 0
0 0 0 0
0 0 o O 0
A+E=U 0 0 0 o1 0 a
0 0 0 .. o1
0

It is easy to see that oy,in(A + E) = 0,41, and that o (E) = 0p41.

The result in part 2, and some extensions to it, give rise to the following procedure (which
is widely used in practice) for estimating the rank of an unknown matrix A from a known
matrix A+ E, where ||E|2 is known as well. Essentially, the SVD of A + E is computed, and
the rank of A is then estimated to be the number of singular values of A + E that are larger

than [|E||2.



