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HOMEWORK 6 SOLUTIONS

Exercise 11.1.
Since the characteristic polynomial of A is a determinant of a matrix zI — A,

det(zI — A) = det((2] — A)") = det(zI — AT),

first we show that

det(zI — Ay) = det(zI — Az) = q(2)
for given A; and As. For

—qn—1 1 0 0 0 1 0 0
—qp—o 0 1 0 0 1 0
A = Lo and Ap =
—-q 0 0 1 0 0 0 1
—q 0 0 0 —q —q@ —q —Qn-1
we have
zZ4+qp—1 -1 0 --- 0 z —1 0
Qn—2 z —1 --- 0 0 =z -1
zl — A = : : : : and zI — Ay = :
q1 o o - -1 o o o .-
9 o 0 - =z o @ g2 - Z+Gn-

Recall that det(A) = a1 An + aipAio + - - - + ainAip for

ai;p a2 - Aln

a1 a2 - a2n
A= ,

Gn1 Aap2 - dpn

where A;; is a cofactor matrix corresponding a;;. Then,



z —1 0 0 O -1 0 O 0 O
z -1 0 O 0 =z -1 0 0
0 2 --- 0 0 0 0 =z 0 0
det(zI — A1) = (24 qn-1) S R L0
0 O 0 z —1 0O 0 O z —1
0 O 0 0 =z 0O 0 O 0 =z
-1 0 0 0O O -1 0 0 0 0
z —1 0 0O O z —1 0 0 0
0 0 z -0 0 0 z -1 0 0
T 3| : : e e (I : : : :
0 0 0 ez —1 0 0 o --- =1 0
0 0 0 e 0z 0 0 o --- z -1

where the last + depends on whether n is an even or odd number. Similarly if we take the
determinant of zI — As using cofactors on the last row of zI — A, it is clear that we have

det(zI — Ay) = det(zI — Az) = q(2).
Also it is true that

det(zI — A) = det((2I — A)T) = det(z1 — AT).

Hence

det(zI — A1) = det(z] — AT) = det(2] — Ay) = det(zI — AL) = q(2).

Then we have

¢2) = (z+agu-1)2"" "+ @22 4tz t+q
sqlz) = 2"+ anlzn_l + qnfzzn_Q + -+ q12 + qo.
b) For As, we have
N —1 0 0 0
0o N -1 0 0
Nl — Ay =
0 0 0 i -1
o q 93 - Gu-2 AitGn-1

Suppose v is an eigenvector corresponding to A;, then v; € N(\I — Ag), i.e.,

AXi -1 0 -+ 0 0 0
0 XN -1 -+ 0 0 0
0O 0 XN - 0 0 0
.. ) : . v; = (1)
0 0 0 i —1 0
o @ g Q-2 A+ dn-1 0



It is clear from Eqn 1 that the only nonzero v, is

1
Ai
v, = )‘12
At
1
Then Eqn 1 becomes
i -\ 0 0
0 A2 ; :
A T A PR - = ' =0
: : =TT 0
q0 Aiqa N+ gn-)AT ! Qo+ @Xi+ A g + A
since \; is a root of g(\).
c¢) Consider
01 0
A=10 0 1
6 5 -2

Its eigenvalues are \; = —1, Ao = —3, and A3 = 2. Note that this A has the form of A5 thus the
corresponding eigenvectors can be written as follows:

1 1 1
v = A1 , Ug = A2 , U3 = A3
A A3 A3

Using those three eigenvectors we can obtain the similarity transformation matrix, M, to make A
diagonal:

M = V)1 Uy Ug
|
Thus with
A 0 0
A= 0 X O ,
0 0 MAg
we have
A= MAM™Y,

which implies that
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1 9
and
eAlt
Al = M 0 e
0
1 1
= -1 -3
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Exercise 11.2. Given @(t) = Axz(t) + Bu(t) and u(t) = ulk] for kT <t < (k+ 1)T.

a) Suppose z|k] = z(kT'), then

xzlk + 1]

kT
eAT{eA(kT_to)x(to) -l—/ e(kT_T)Bu(T)dT+/

e [kT] + AT

Let a =7 — kT, then

zlk + 1]

b) Now we have

=

to

to

kKT+T
LLT

eA(kT_T)BdTu[k:]

KT+T

kT

T
e xlk] + eAT/ e~ Bdaul[k]
0

Falk] + Gulk].

) ana 5= (

0

2
_wo

1
0

0
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)

Let F = e, then using the inverse Laplace transform we have

(sI — A)~*

_%eAt

s -1\ " B 1 s
<w8 s ) _32+w8<—w3
( coswot wiosinwot ) _

—wpsinwot  coswpt '

Also we would like to compute the term with control input...

1

S

KT+T
2((k+1)T) = eAETHT =0 (1) + / eARTHT=T) Bu(r)dr

eART=7) Bdru[k]}

)



T 1o
a / coswo(T — u) oo sinwo(T — u) 0 Ju
0 —wosinwo(T —u)  coswy(T — u) 1

T
_ / < o mwo —u) > du

0 coswo(T — u)
% 1 — coswoT)
N —smon ’

c) To get the state x[k] to reach to zero in at most two steps we need to have x[2] = (F+GH )?z[0] =
0 — (F +GH)? = 0. Let’s consider decomposing F' + GH into its Jordan form, i.e.,

F+GH=MJM™".
Then

(F+GH)? = (MJM Y MIM™Y) = M7PM L.
This implies that

(F+GH)??=0-J>=0— XA =X =0.

The trivial solution is F'+ GH = 0, but we would like to find H such that F'+ GH # 0 but
(F+GH)*=0. With H=( H; H, ) and F and G as above, we have

c L L(l—c Diq—e¢) H21-¢
FZ( “’0>,GH:<“0(L )>,(H1 HQ)Z(WO(H_l )w0i1_28)>

—wos ¢ wos wos wo
H; 1 Ho
c+3(1-c) —s+3(1l-c
— F+GH = ( leé( ) % szé( )>.
W S T wos w—os—l—c

Since the characteristic polynomial of F' + GH can be written as

q(\) = A* + trace(F + GH)A + det(F + GH) = 0,

in order to have A\; = Ay = 0 we would like to have det(F' + GH) = 0 and trace(F + GH) = 0. For
the determinant condition we have

H2 H1H25(1 —C) H1

det(F+GH) = 4+ —Zsc+ ————— + 50 —-o¢c
wo wi wp
H HH H.
- ( 12+ 1323(1—0)—32——23(01—c)>—0.
w? wy wo

The trace condition gives

H, H,
trace(F+GH)—20+—s—|— (1—c):O.
“o w



Solving for H; and Ha, we get

o - wg(ZC—l)’
2(c—1)

Hy — _w0(2c+1)‘
2s

Now, given woT' = §, c= %5, and s = % so that we have

— F+GH =

d) For woT = § and wp = 1 we have

e
F_<7j %),G_<1_§),H_(g:§ —(1+\/§)).

Then the open loop response and the closed response are shown in Fig.1 below:
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Figure 1: Open and closed loop responses of the system.
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e) Now we have to consider the process delay to compute the control input so that we have the
following system :

xzlk +1]
ulk]

Fxlk] + Gulk]
Hxlk —1].

Hence the difference equation form for the close loop system is written as :
zlk + 1] = Fz[k] + GHx[k — 1],

which can be written in state space matrix form as follows:

< zlk + 1] F GH > < x[i[ﬁ] ;

x[k] >:<I 0 >

With the H computed in c), the eigenvalues for this system are 0.6325 + 1.3159¢, 0.4670, and
0. Thus this new closed system is unstable. The closed loop response for the delayed system is
compared with the one without delay in Fig 2 below.
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Figure 2: Closed loop response of the system with and without delay.

With this control law, we have a controllability matrix of rank 2, so that we can not control all
the modes, i.e., not all the eigenvalues but two. One possible Modification to be made to have dead-
beat behavior is to design an observer to estimate the all the four states, then use the same control
structure used in the c), i.e., u[k] = Hz[k] where now H is a 1 x 4 matrix. H should be chosen in
such a way that the controllability matrix has the full rank, in this case 4. Then, since we can place



the eigenvalues wherever we would like to, we can have deadbeat exactly for 2 steps. Yet, with this
structure we need at least 2 steps since now the first step vector, x[k+1] is included as a state vector.

Exercise 13.1 a) The system

T = z
—423 4 20 = 4z (—xQ + %)
has an equilibrium point at (0,0) for any value of . Also, if a > 0 there are two more equilibrium

points: (O, :I:\/g) .

b) Linearizing the system around (0,0) we get the Jacobian:

0 1
A =
( 20 0 >
The characteristic polynomial of the system is det(A — AI) = A\? — 2a. If a > 0 there is an unstable
root, if & < 0 both roots are on imaginary axis, and the linearized system is neither asymtotically
stable nor unstable (marginally stable). To analyze stability of the original non-linear system in

this case we would have to look at the higher order terms. For the two other equilibrium points
which exist for o > 0 we get the Jacobian:

(i o)

The characteristic polynomial for the system is det(A—AI) = A2 +4a. Note a < 0 does not concern
us in this case since the equilibrium points (O, +ya/ 2) are valid when 0 < a < 1. If a > 0 both

roots lie on jw axis and the system is marginally stable.

Exercise 13.2 a) Notice that the input-output differential equation can be written as

j=(0—ary) + (u—agy — cy®)

and we can use “observability-like” realization employed for a discrete-time system of exercise 7.1
(c). The differential equations for the states are

T1=—a1x1 + T2+ u

To = —a9x1 — C:E% +u

and the output equation is y = x;. You can check that it is indeed a correct realization by
differentiating the first state equation and plugging in an expression for z5 from the second equation.
b) Let us consider the system with zero input and a; = 3, ag =2 and ¢ = 2.

r1 = —3x1+ x9

Zy = —2xy — 27

A= (30)

8

The linearized system’s matrix is



with the characteristic equation A% + 3\ 4+ 2 = 0, which has the roots A\ = —1 and \y = —2.
Therefore the linearized system is asymptotically stable around the origin, which also means that
the original nonlinear system is a.s. around the origin (see lecture notes for the relevant theorem).
You can also verify by linearization that the other equilibrium point (—1, —3) is unstable.

c) Let us find a Lyapunov function for the linear system, and then find a region where its derivative
is negative definite along the trajectories of the original nonlinear system. Since the linear system
is asymptotically stable, for any symmetric positive definite matrix @) there exists a unique positive
definite matrix P such that A’P + PA = —@Q. Let us choose Q = I. Solving the system of linear
equations imposed by the matrix relation we obtain

which gives us a quadratic Lyapunov function
1
V(x) =2’ Pz = 530% — x129 + T3
Taking a derivative of V(x) along the trajectory using the chain rule we get:
V(z) = —2? — 22 — 2022wy — 1) = —23(1 + 2(229 — 1)) — 22

The contour lines of the found Lyapunov function are

1
5:5% —x122 + x% = (2

for various constants C. Let us find such C that if the point ( T1 To ) is within the boundary then

V(z) < 0. Then the trajectory started in this set will stay there, and will asymptotically decay to

zero. Note that ) )
Vix) = —a:% + - (21 — 21‘2)2 =(C?
4 4
therefore

‘21‘2 — 3}1’ < 2C

Therefore if C' < 1/4 the derivative is strictly less than zero. Hence we found a region of attraction
as an ellipse, given by

1
22 + (21 — 219)% < 1
Any ball located completely within this ellipse will also be a region of attraction. Note also that

this set is not exhaustive, there are other points in space that converge to zero.

Exercise 13.3 a) If Z is a minimum of P(z) then the gradient is equal to zero at that point
61;5;:) = 0, therefore Z is an equilibrium point of the system & = —%—5.
b) Since Z is a minimum V' (z) is positive definite: P(z) — P(Z) > 0. Since it is also an isolated
minimum, there exists a ball surrounding T such that the gradient is non-zero. Therefore the
derivative of V' (x) is strictly negative in that ball:

oP||?

V(z) = —}%




