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Linear Algebra Review

This handout comprises some of the Linear Algebra concepts that you need for this class. Use it as guide
on your review. Not all the topics will be covered in the recitation, but we encourage you to work through
them on your own. If you would like to see complete proofs of the results, some can be found in the 6.241
Lectures notes, the rest is the bulk of many standard books on the subject. A few references can be found at
the end of this recitation note.

1 Outline

You have probably studied R? and its algebraic structure, such as vector addition and multiplication by a
scalar (real number). Similarly, you must have seen the inner product and the notion of Euclidean distance.
These geometrical properties of R? bring powerful and intuitive notions that created the basis for many
achievements in the most diverse fields of Science and Engineering. The study of Vector Spaces started
once the scientific community realized that those nice properties were not restricted to 2, or even R3. They
exist in other cases, provided that we have the appropriate algebraic structure, which we call linear or vector
space structure.
In this note, we will study Vector spaces and their properties in the following order:

e \ector Spaces.
- Linear independence
- (Hammel) Basis and dimension
- Examples
- Subspaces
- Examples

e Inner Product Spaces (Vector space with inner product)
- Orthogonal complement subspace
- Examples

In this sequence, we move to linear operators according to the following:

e Linear Operators between finite dimensional vector spaces
- Representation in Matrix Form
- Examples

Finally, we devote some attention to the properties of a general matrix A.:



e Column space and range of A
e Row space and the kernel (Null space) of A

¢ Relations between the kernel of A and the range of A/, the Hermitian conjugate of A.

As we go along the study of Vector spaces, try to visualize all the concepts in ’, or R3 if you prefer.
We suggest you don’t try it for R”, with n > 4, unless you want to torture yourself.

2 \ector Spaces and Inner Product Spaces

2.1 \ector Spaces

The following is the definition of a Vector Space:

Definition 2.1 Let F be a field given by F = R or F = C. A non-empty set V together with the binary

operations ““+”’(vector addition) and ““’(scalar multiplication) is a Vector Space provided that all the
following are satisfied:

e Closedness under addition:

U1,00 €V = U1 +02€V (1)
e Zero Element: 30 € V such that
veV = 7+0=10 2
e Commutativity under addition
V1,09 €EV = U1 + Uy = Uy + 1 3)
e Associativity under addition
U1, 02,03 €V = (V) + V) + U3 = U1 + (U2 + U3) 4)
e Closedness under scalar multiplication
aeF,7eV = aveV (5)
e Distributivity
ar, a0 €EF, 7€V = (041+a2).17:a1.17+a2.’l7 (6)
aelF v,heV = Oé.(l_ﬁ + 772) = a.] + a.U (7)
e Associativity under scalar multiplication
a,a EF 7€V = (aja2).9 = ay.(ag.9) (8)
e Multiplication by unity:
veV = 10=17 9)



2.1.1 Examples of Vector Spaces

The following are examples and counter-examples of Vector spaces. Check the veracity of the examples
yourself. We will use these same examples as we go through the main properties of Vector spaces. The
examples marked with (A) are more advanced, which means that it might be a little harder to check.

Example 2.1 The Euclidean space R™ is a vector space over the field R. Note that sometimes the field of a
vector space is implicitly specified. Since we only consider the real (R) or the complex (C) fields, you have
to check which of the two, if any, makes sense. You can check that R* is not a vector space over C, as such
we just have to write R™ and the field is implicitly R.

Example 2.2 On the other hand, C™" may be associated with two different vector spaces, one for the real
field (R) and another for C, the complex field. Notice that even if you have the same set of elements, changing
the field gives a different vector space. If we do not specify the field, we use the convention that C' is the
vector space over the complex field C.

Example 2.3 The positive cone IR} is not a vector space:
RY = {(z1,...,2n)|2; € R,2; > 0} (10)
Example 2.4 The vector space of real sequences:
R>* ={(...,x_1,20,21,...)|z; € R} (11)
Example 2.5 The vector space of complex sequences (we convention that it is over the complex field C):
C*={(...,xz_1,z0,21,...)|z; € C} (12)
Example 2.6 The space of polynomials of order up to n, with real coefficients:
P" = {p(t) = ap + ait + ... + apt"|a; € R} (13)
Example 2.7 (A) The space of real functions f(¢) with a finite number of discontinuities:
CO° = {f : R — R| f is not continuous on a finite number of points} (14)
Example 2.8 (A) The space of real functions f(t) such that its nth derivative has a finite number of discon-
tinuities:
CO"™ = {f : R — R] f™ is not continuous on a finite number of points} (15)
2.1.2 Linearly independent vectors

Given a vector space V over a field I, a finite linear combination v is just a weighted sum vectors:

ST

q
= ZO&Z"UZ‘, U; € V,a; € F (16)
=0

Definition 2.2 Linear Independence A set of vectors {;, ¥ ...}, not necessarily finite, is linearly in-
dependent if one vector cannot be obtained as a finite linear combination of the others. Equivalently
I={#,vy...},with0 ¢ L, is linearly independent if and only if:
q
OéiEF,’UZ‘EH, Zaiﬁi:Oﬁai:() (17)
=0

If the set is not linearly independent, we say it is linearly dependent.



Example 2.9 In R? the set {(0,1), (1,0)} is linearly independent, but {(1,2), (2,4)} is linearly dependent.
You can also try to convince yourself that in R? every 3 vectors are always linearly dependent. Also, R
has, at most, n linearly independent vectors.

For a given set of vectors {4, ...,7,} of a vector space V over a field IF, we also define the set of all
possible finite linear combinations, the span:

q
span({1,...,7,}) = {0 =Y _ oif|a; € F} (18)
=0

The span of an infinite set of vectors W = {j, W, ...} is given by:
q
span(W) = {0 =Y _ oyl |; € W, a; € F,q € Ny} (19)
=0

Example 2.10 Again, in R?, the span({(0,1)}) is the “vertical axis” and span({(1,0), (0,1)}) = R2.

2.1.3 (Hamel) Basis and Dimension

The basis of a vector space V over a field IF is a set of vectors B, not necessarily finite, satisfying:
e B is linearly independent
e span(B) =V

As you study the properties of vector spaces, you will realize that the basis of a vector space is an
extremely important concept. The following are properties of a basis of a given vector space V over a field
IF:

Every element 7 € V can be uniquely expressed as a finite sum of the form:

q
7= o (20)

=1

where oj; € B.

The basis of a vector space is not unique, in fact, every vector space has an infinite number of basis.

If B; and By, are basis of V over F, then they have the same number of elements. That number is an
intrinsic characteristic of the vector space which we designate as dimension. In general we write:

dim(V) = number of elements of B; = number of elements of B (21)

e A basis is the smallest set of vectors satisfying span(B) = V.

e 0 is never an element of the basis.

Example 2.11 Since span({(1,0),(0,1)}) = R?,the set B = {(1,0), (0, 1)} is a basis of R?. It also shows
that the dimension of R? is 2.



Example 2.12 The set of canonical vectors {é,...,é,} is a basis for R", where a canonical vector is
described as:

1 ifigj
€ =(x1,...,%pn), T; = . 22
(1 ) @i {0 Otherwise (22)
The same set is also a basis for C". The dimension of these spaces is n.
Example 2.13 Consider the vector space of all real sequences with a finite number of nonzero terms:
R¥ ={(...,2-1,20,21,...) € R®|3m € N, such that z; = 0 for |i| > m} (23)
The set B = {&;|i € N} is a basis for R$°, where the following defines a canonical sequence:
- 1 ifigj
0 =1(..,2.1,%0,%1,...), Tj = . 24
( 130T, ), & {0 Otherwise (24)

The space R% is infinite dimensional.

Example 2.14 Theset B = {1,¢,#2,...,t"} is a basis for P*. Consequently, dim(P") = n + 1.

2.1.4 Subspaces

Definition 2.3 (Subspace) Consider a vector space V over the field F. A subspace S of V is a vector space
that satisfies the following:

e S is a vector space over the field F.
e SCV
Equivalently, a subspace S is a nonempty subset of V that satisfies two conditions:
1. ax € Sforall x € S and any scalar «, and
2. x+yeSforallz, y €S

Note that the subspace must contain the § vector (set o = 0 in rule 1).
Example 2.15 Given m < n, check that R™ is a subspace of R™ as well as C™ is a subspace of C".

Example 2.16 If V is a vector space with base B, then span(Bs) is a subspace of V provided that Bs C B.
You can also show that if S is a subspace of a vector space V, then dim (V) > dim(S).

Example 2.17 The set {(z,y, z) € R3|x + 2y + 32 = u} is a subspace of R? if and only if u = 0. If u = 0,
what is the dimension of this subspace? (Hint: check that B = {(—2,1,0),(—3,0,1)} is a basis for the
space of solutions of z + 2y + 3z = 0.)

Example 2.18 Any bounded subset of R™ is not a subspace.

Example 2.19 (A) For n > m, CO™ is a subspace of CO".



2.2 Inner Product Spaces

Again, we generalize the notions of angle and projection of R2.

Definition 2.4 A vector space V over a field F is an inner product space provided that there exists a binary
operator < -,- >: V x V — C that satisfies the following conditions:

o If 0,75 € V,then < 9,05 >= < ¥, 07 >
o If 0,705,753 € V, then < 9] + U, U3 >=< U1, 03 > + < Uy, U3 >
o IfaeF, 4,0y € V, then < ath, Uy >= a < ¥, U >

Ifv eV, then < 7,7 >>0.

If ¥ € V, then we define a distance or norm ||7/]| as:

152 =< ,7 > (25)

7] =0 <= 7=0
You can check (not easy) that the norm defined above satisfies:
e Cauchy Schwartz: | < v, vy > | < ||t7]||| 72|
e Triangle inequality ||v; + v < ||v7]| + ||72]|
Definition 2.5 A basis B of an inner-product space V is an orthogonal basis, provided that:
VU # Ua, U, Uy € B, < 91,702 >=0 (26)

Example 2.20 Clearly R™ is an inner-product space where, the Euclidean inner-product is given by:
< (21, yn), (Y1, -5 Yn) >:ixiyi (27)
i=1
Similarly C™ has an inner-product given by
<@ ) ) >= S T (28)
i=1

In any of these cases, the canonical basis of example 2.12 is also an orthogonal basis. Given an hermitian
and positive definite matrix Q € C**", if we write the coordinates of the two vectors #, ¢/ € V, with V = R"
or V = C", in the following column matrix form:

€1 N
: (29)

81
I
<y
I

Tn Yn

then < Z, ¢ >= Qv is also valid inner product. Note that if () is the identity then we obtain the Euclidean
inner-product.



Example 2.21 (A) The space of [; sequences given by:
lgz{(...,x,l,xo,xl,...)E]ROO:ZQCZZ<oo} (30)
with inner product given by

%
< (...,$,1,$0,$1,...),(...,yfl,yo,yl,...) >= Z ZTiY; (31)

1=—00

You can also show that I, is a subspace of R*.

Example 2.22 (A) Motivated by the last example, you can also show that the following is an inner product
space:

L= {f0)ece’: [ 1} <o) (32
where the inner product is defined by < f, g >= [ f(t)g(t). Also, Ly is a subspace of Ccao’.

Example 2.23 (A) The same space with different inner products generates distinct inner-product spaces.
The space P, for instance, admits the following two inner products:

(first inner product) < py, ps >1= Z a;bi (33)
=1

1

X p1(t)p2(t) (34)

where p1(t) = ag+...+ant™ and po(t) = bg+. ..+ b,t™. Notice that, using the first inner product, the set
{1,¢,...,t"} is an orthogonal basis. If we adopt the second inner-product, we conclude that an orthogonal
basis is given by the ““famous” Legendre polynomials {1, t,%(&t2 —1),...}. They can be computed using a
process called the Gram-Schmidt orthogonalization. Such process allows the construction of an orthogonal
basis for any inner product space.

('second inner product) < pi,p2 >o= /

Definition 2.6 If S is a subset of an inner product space V, then S" is the orthogonal subspace defined as:
St ={7ecVVsFeS, < 5>=0} (35)

Example 2.24 In R?, we have {(1,1)}* = span({(—1,1)})

3 Linear Operators

Now, we move to the study of linear operators. A linear operator is a “function” between vector spaces. A
simple example is the rotation around the origin of vectors, by a fixed angle, in . Another simple example
is the multiplication by a scalar.

Definition 3.1 (Linear Operator) A linear operator £ : VI — V© between two vector spaces V! and V©
over the same field IF, must satisfy:

E(alﬁl + CEQ'UQ) = alﬁ(@’l) + Ct2£(?72) (36)

where 7,7, € VI and ay, a9 € F.



The following are properties of linear operators:

e Given two vector spaces V! and V© over the same field IF, the set of all possible linear operators is a
vector space over TF.

o If B! = {w!,wl,...}isabasis for V! and & € V! is an arbitrary vector, then for some g:
q q
L(7) = LY i) = Y | ail () (37)
=1 =1

where 7= Y"1 | ;! is the unique representation of @ in terms of the basis vectors.

The above property is very important, because it shows that we only really need to know L£(-) on the
elements of the basis B to completely characterize the operator over the whole space V. Equivalently,
it shows that all the vectors that £ will “produce” are some linear combination of £(«f ), where ! are
elements of B’. The following concept addresses this property:

Definition 3.2 (Range and rank) The range of a linear operator £ : V! — V© is defined as:
R(L) = span({L (@), L(T3),...}) (38)

where B! = {«!,w!, ...} is a basis for V. As such, the range is a subspace of V© that can be generated
by action of £ over V’. In rigorous terms:

7€ R(L) < 35 € V! such that £L(7) = 7 (39)
The rank of a linear operator is the dimension of its range rank(L) = dim(R(L)).

Definition 3.3 (Null Space) The null space of a linear operator is given by: (show that it is a subspace of
\2!
N(L) = {7 eV L) =0} (40)

3.1 Linear Operators between finite dimensional vector spaces

Now we show that if V/ and V© are finite dimensional, then any linear operator £ : VI — V© can be
represented by a matrix.

Consider a linear operator £ : VI — VO between two finite dimensional vector spaces V! and V© over
the same field F. Let B! = {w,... %} and BC = {@?,..., w9} be the basis of V! and VO. Define
a;,; € IF as the expansion that satisfies:

> ai i = L) (41)
=1

Notice that there always exist such expansion. Indeed z' = E(u?][) is an element of VO and, as such, it
can be written as a linear combination of the elements of the basis B”. Now, for an arbitrary element
¢ = Y7, afw}, you can show that:

j=1
L) =) alc@))=>" aluy (42)
j=1 i=1



where o is computed as:

0 I

(o %] a1 ... Qin aq
= : (43)
o] I

Q,, am1 -+ Ommn A

The analysis above shows that, given finite basis B and B?, the linear operator £ : V! — V© can be
equivalently represented by a matrix. Notice that if we change our choice for B and B, the matrix will
also change.

Example 3.1 Let VI = VO = P3, then the derivative operator £(p) = df;—(tﬂ can be represented, under the
basis B! = BC = {1,t,¢2,t3} as:

o O O
w o o

(44)

o O O
O O N O

0 0

Definition 3.4 (Range and Rank of a matrix A) If A € F™*" is a matrix, with F = R or F = C, then the
range of A is defined as:

ai1 ain

R(A) =span({| + |,....| ¢ [} (45)

am,1 Am,n
The range of A is also designated as the column space of A, for obvious reasons. Similarly, the rank of A
is defined as rank(A) = dim(R(A)). The rank is the number of linearly independent columns of A, which
constitute a basis for R(A).

Definition 3.5 (Null space of a matrix A) Similarly, we define:
N(A) = {7 € F"| A7 = 0} (46)
You can also show that '(A) = R(A')*.

Let £ : VI — VO be a linear operator between two finite dimensional vector spaces V' and V© over the
same field F with basis B’ and BC. If A € F™*" is the matrix representation of £, then we can compute its
range and null space as:

O
m Oy
R(L) ={D_ald? |w eBand | : | € R(A)} (47)
=1 CYO
n of
N(L)={> ajw] |w eB'and | : | € N(A)} (48)
=1 Ozl

Example 3.2 Consider £ : R — R and a matrix representation A. If we use the canonical basis, then
R(A) = R(L) and N'(A) = N(L).

Example 3.3 Consider the linear operator 4 : P2 — P2 and basis B! = B® = {1,¢,?}. Then R(4) =
span({1,t}) and N (&) = span({1}).

There exist a number of equalities involving the range and the null space of a matrix. You can look them
up on the references bellow. Some of them will appear as part of your problem set #1.



3.2 Linear Equations

Most importantly, these notions are used to characterize the possible types of linear equations involving a
linear operator £ : VI — V© between two inner-product spaces V! and V€. In the following, we assume
that i7 € V© is given and that we want to find Z € V! such that £(Z) = -

e Invertible If R(£) = VO, then by definition £(&) = i has always a solution. If dim(N (L)) = 0,
then the solution is unique. When that happens the matrix representation is a square and invertible
matrix A and the solution is obtained by inverting it.

e Under-constrained If R(£) = VO, dim(N(£)) > 0 and Z is a solution, then you can check that
T+ Z,Z € N(L) is also a solution. That implies that the solution is not unique. Here we use least
squares to choose the solution with smallest ||Z]|.

e Over-constrained If R(£) C VO, then £(&) = i has a solution only if 7 € R(L). If i ¢ R(L),
then the best we can do is to choose the solution that minimizes ||g7 — £(Z)||

The solution to the problems above will be discussed next week.
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