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HOMEWORK 2 SOLUTIONS

Exercise 2.1 The given information can be written as
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We would like to find the solution x that minimizes the FEuclidean norm of y — Ax. The set of
equations above is inconsistent and leads to the least squares solution xp.g = (A’A)"!A’y, and can
be computed in MATLAB in the 4 different ways described by parts a)-d). MATLAB often leads to
numerical errors when matrices are illconditioned, and thus computing xr,g in the 4 different ways
may lead to slightly different answers. However, in this case the matrix A is not ill-conditioned
(the condition number of this matrix is 2.6931). Figure 1 plots the estimated ellipse.
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Figure 1: Figure for 2.1

The condition number of this matrix is small, 2.6931; hence, all the computational methods give
us very similar solutions.

Exercise 2.2 (a) 1. For the 15th order polynomial: f(¢;) = pi5(t;) + e @ = 1,...,16, and
t; € T. Then we can express this in terms of matrix equation as follows:
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thus it can be rewritten in matrix form as y = Aa+e. But, observe that the matrix A is invertible for
distinct t}s. So, the coefficients a; for i = 0,--- ,15 are a = Ay, where a = [ ag a1 -+ a1s ]/,
and e = 0.

2. For the 2nd order polynomial: f(t;) = pa(t;) +e; i =1,...,16, and ¢t; € T. Then we can
express the relationship between y; and the polynomial as follows;

Y1 1 tl t% ag €1
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where the coefficients ag, a1, and as are determined by a = (A’A) "' A’y, where a = [ ay ai as ]/ )

b) Now we have measurements affected by some noise. Then the data is
Ui :f(tz)—i—n(tl) 1=1,...,16 t, €T

where the noise n(t;) is generated by a command “randn” in Matlab. So, in matrix form, we have
that
y=Aa+n,

and a stochastic derivation shows that the “minimum variance unbiased estimator” for g is a =
argminl||g — Aal|}, where W = R, and R, is the covariance matrix of the random variable n. So,

a=(AWA)TAWY.

Roughly speaking, this is saying that measurments with more noise are given less weight in the
estimate of a. In our problem, R,, = I because the n/s are independent, zero mean and have unit
variance. That is, each of the measurments is “equally noisy” or treated as equally reliable. Thus,
our coefficient a matrix is

Q — (A/A)_IAIQ

c) p2(t) can be written as
p2(t) = ag + art + ast®.

In order to minimize the approximation error in least square sense, the optimal ps(t) must be such
that the error, f — pa, is orthogonal to every linear combination of {1, ¢, t?}, i.e., that

<f_pA27]->:O_)<f7]->:<pA27]->

< f=po,t>=0—o< fit >=<po,t >

< f—po,t?>=0 o< fit2 >=<po,t2>.

We have that f = £e%8 for ¢ € [0,2], So,
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And,
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Therefore the problem reduces to solving another set of linear equations:

2 2 277 ao < f,1>
2 5 4 a | = < fit>
sy 2| | g <1
and the solution is }
ao 14.5978
a; | = | —37.2968 |,
as | 17.9508

which is quite different from the solutions obtained from either a) or b). This is expected, because
here we use a different notion for the closeness of the approximating polynomial, pa(t), to the orig-
inal function, f. Roughly speaking, in parts (a) and (b), the optimal polynomial will be the one
for which there is smallest discrepancy between f(¢;) and po(t;) for all ¢;, i.e., the polynomial that
will come closest to passing through all the sample points, f(¢;). All that matters is the 16 sample
points, f(¢;). In this part however, all the points of f matter.

Exercise 3.1 The first and the third facts given in the problem are the keys to solve this problem,
in addition to the fact that:
R
v (7).

Here note that R is a nonsingular, upper-triangular matrix so that it can be inverted. Now the
problem reduces to show that

& = argmin ||y — Az|)3 = argmin(y — Az)'(y — Ax)
T T

is indeed equal to
&= R 1y.
Let’s transform the problem into the familiar form. We introduce an error e such that

y=Ax+e,

and we would like to minimize ||e||2 which is equivalent to minimizing ||y — Az||2. Using the property
of an orthogonal matrix, we have that

leflz = [Ue]l2-



Thus with e = y — Az, we have

lellz = [[Uel3 =¢'Ule= Uy — Az))' (U(y — Ax)) = [Uy — UAz|]3
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Since ||y2|3 = yhy2 is just a constant, it does not play any role in this minimization.
Thus we would lik to have

yl——]%i =0

and because R is an invertible matrix, & = R™1y;.

Exercise 3.2 i) We would like to minimize the 2-norm of u, i.e., |[u||3 . Since y,, is given as

n
Yn = Z hitty—1
=1

we can rewrite this equality as

Up—1
Up—2

yn:[hl hy --- hn]
uQ
We want to find the u with the smallest 2-norm such that
y = Au.

where we assume that A has a full rank (i.e. h; # 0 for some i, 1 < i < n). Then, the solution

reduces to the familiar form:
0= A'(AA) 1y,
By noting that AA" =>"" | h?, we can obtain @ as follows;
X h;y

U = —=7—>, for j=0,1,--- ,n—1.
SR

ii) a) Let’s introduce e as an error such that y, =y —e. It can also be written as § — y, = e. Then
now the quantity we would like to minimize can be written as

(@ —yn)® +ud 4+ un_y

where r is a positive weighting parameter. The problem becomes to solve the following minimization
problem :

n
U= argminZu? + re? = argmin(||u||3 + r|le||3),
u u
i=1
from which we see that r is a weight that characterizes the tradeoff between the size of the final
error, § — yn, and energy of the input signal, u.



In order to reduce the problem into the familiar form, i.e, ||y — Az, let’s augment /re at the
bottom of u so that a new augmented vector, @ is

u
@ - e )
Ve

This choice of @ follows from the observation that this is the @ that would have ||@|3 = |lu|3 + re?,
the quantity we aim to minimize .
Now we can write y as follows
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By noting that

we can obtain ; as follows
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ii) b) When r = 0, it can be interpreted that the error can be anything, but we would like to
minimize the input energy. Thus we expect that the solution will have all the u;’s to be zero. In
fact, the expression obtained in ii) a) will be zero as r — 0. On the other hand, the other situation

is an interesting case. We put a weight of oo to the final state error, then the expression from ii)
a) gives the same expression as in i) as r — oo.

Exercise 3.3 This problem is similar to Example 3.4, except now we require that p(7") = 0. We
can derive, from z(t) = p(t), that p(t) = z(t) * tu(t fo (t— 7)d7 where * denotes convolution
and u(t) is the unit step, defined as 1 When t > O and 0 When t < 0. (One way to derive this
is to take x(t) = p(t) to the Laplace domain, taking into account initial conditions, to find the
transfer function H (s ) ( )/ X (s), hence the impulse response h(t ) sueh that p(t) = z(t) xh(t)).
Similarly, p(t) = z(¢) fo 7)dr. So, y = p fo (r)dT and 0 = p(T) =
x(t) * u(t) = fT (r )dT You can check that < g(t ) >= fo dT is an inner product on
the space of continuous functions on [0, 77, denoted by C’ [0, 77, Wthh we are searching for z(t). So,
we have that y = p(T') =< (T' —t),x(t) > and 0 = p(T') =< 1,z(¢) >. In matrix form,

[g] - [ <Zl_,gt§(f)(2> —<[T—t 1],a() =



where < .,. > denotes the Grammian, as defined in chapter 2. Now, in chapter 3, it was shown
that the minimum length solution to y =< A,z >, is # = A < A, A ="' y. So, for our problem,

G=[T—t 1]<[T—t 1],[T—t 1}>1[g]

Where, using the definition of the Grammian, we have that:

[Tt 1], [Tt 1]~ <T—t,T—t> <T—t,1>}

<1,T—t> <1,1>

Now, we can use the definition for inner product to find the individual entries, < T —¢t,T — t >=

fo T—t)2dt=T3/3, <T—t,1>= fOT(T—t)dt =1T?/2, and < 1,1 >= T. Plugging these in, one

can simplify the expression for Z and obtain Z(t) = %[% — &) for ¢ € [0, 7).

Alternatively, we have that x(t) = p( ) Integratlng both sides and taking into account that
p(0) = 0 and p(0) = 0, we have p(t) = [; [o* x(r)dr dt1 = fo (t1) dt1 Now, we use the integration
by parts formula, fg udv =wlf — fo v du, Wlth u= fo 7)dT, and dv = dtl, hence du =
df(t1) = :c(tl)dtl and v = t1 Plugging in and simphfymg we get that p(t fo T)dr dt; =
fo (t — 7)x(r)dr. Thus Yy = fo (r)dr =< T —t,z(t) > . In addltlon, we have that

fo T)dr =<1 x( ) > . That is, we seek to find the minimum length x(¢) such that

y = <T—tx(t)>

0 = <lz(t) >.
Recall that the minimum length solution #(t) must be a linear combination of T'— ¢ and 1, i.e.,
Z(t) = a1 (T —t) + a2. So,

2

y = <T—ta(T—1t)+ay> = a1f0 —t2dt+a2f0 —t)dt = al%?’—l—ag%
2
0 = <la(T—t4a> = J(@i(T = t) + ag)dt = ai +aT.

This is a system of two equations and two unknowns, which we can rewrite in matrix form:
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