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Reachability and Observability

In this recitation, we review the definitions and the tests for reachability and observability for finite
dimensional LTT systems. We then present several examples.

Definitions

Consider the n-dimensional LTT system, . = Ax + Bu, y = Cz + Du.

Reachability

Observability

A state d is reachable in time L (CT) (or k steps
for DT) if there is an input u(t) € [0,L] (or
[0,k — 1]) that transfers the state x(t) from the
origin to d in time L (or k), i.e., (L) = d (or
z(k) = d).

A state ¢ is unobservable over [0,T") (or k steps)
if when x(0) = ¢ and Vu(t) on [0,T") (or [0,k —
1]), the output y(t) for x(0) = ¢ is the same as
the output for z(0) = 0.

The reachable in time L (or k) subspace is the
set of all states d reachable in time L (or k).

The unobservable in time 7' (or k) subspace is
the set of all states ¢ that are unobservable in
time T (or k).

A system is reachable in time L (or k) if every

state d in the state space is reachable in time L
(or k).

A system is observable in time T (or k) if the
only state that is unobservable in time 7" (or k)
is the zero state, ¢ = 0.

Reachability and Observability Tests

The following tests are equivalent tests for reachability (or observability).




Reachability Observability
A system is reachable iff A system is observable iff
C
CA
1. || Rank| A""'B AR B]=n. Rank =n.
CAnfl
2a. | There does not exist w # 0 such that w” A = | There does not exist v # 0 such that Av = \v
Aw? and w?'B = 0. and C'v = 0.
sl — A
2b. Rank[sI—A B] =n,Vs e C Rank c =n,Vs € C.
Here, we only need to check for s; = \;(A)
3. || DT rank(P,) =n, P, = Zf:_ol A'BBT(AHT | DT rank(Q,) =n, Qi = Zf:_ol(Ai)TCTCAi
CTrank(P): P = 3 ATBBT AT\T — — (Y ATNT AT 1 AT
L) =n,P = [ e (e7)"dr | CT rank(Qr) =n, Q; = J,(e”7)" C" Ce’Tdr
Examples

Example 1: This is a simple example to verify that the three reachability tests listed above indeed

give identical results. Suppose A = [ 8 (1) ] and B =
(a) Rank| B AB | =Rank L0 1<2.
00
b) Rank[ s/ — A B ] =Rank| & 1 !
0 s O

A)

(c) P = fOL eA"BBT (eAT)Tdr, where A7 = I + A1 = [

o)

} =1 for s = 0. (Note that s = 0 is an eigenvalue of

1
0

T

1 AT _ _
0 1}ande B—[ ].SO,PL—

ff[é][l O]dT:|:L 0].Thus,rank(PL):1<2.

11
Example 2: Suppose A= | 2 a
0 0

unreachable?” We have that R3 = [ B AB A’B ] =

0 0

and B =

o O O

)

S

. For which values of a and b is the system
01 1+a
1 a 2+a® |.This matrix looses rank
b 0 0

when b =0 (and a is arbitrary) or when a = 2 and b is arbitrary.

Example 3: (From [[1] page 238]). Consider the scalar system & = —ax + bu. Determine a u(t)
that will transfer the state from z(0) = z, to the origin in L seconds, i.e., z(L) = 0.

In general, recall that (L) = e4l2(0) + fOL ell="ABy(7)dr. Suppose d — eAls € Ra(Pp). That




is, d — eAl's = Ppa for some o If we pick u(t) = BT (e(t=9)T o, we have that z(L) = eALz(0) +
fOL e(Lf‘r)ABBT(e(Lft)A)TadT _ €AL$(O) + fQL e(Lf‘r)ABBT(e(Lft)A)TdTa _ €AL$(O) + Pra =
ex(0) + d — eAls. So, if 2(0) = s, due to our choice of u(t) we have (L) = d.

Now, if rank(Py) = n, then a = P, !(d — e4%s), so the input u(t) = BT (eF=D)T P H(d — eAls)
will transfer the initial state 2(0) = s to the state d in L seconds, i.e., z(L) = d.
Back to our example, we first note that the system is reachable, and that

2

L
P = e~ (L=mappe—(L—T)aqr — b—[l — 6_2“L].
2
0 a

Using the formula above, u(t) = —%“ega—%_le“tma. Finally, we check that with the chosen w(t),

z(t) = e + f(f eAt=T) Bu(r)dr = e~ [1 - :22:%} Zo, and z(L) = 0 as desired.

0 -1 1 10
Example 4: (From [[1] page 266]). Given A = | 1 -2 1 and B = | 1 1 |.Put the
0 1 -1 1 2

system © = Az + Bu in the standard form for unreachable systems. That is, we want to find

the transformation T = [ T T ] such that A = T—1AT = [ %1 :4412 ] and B = T~'B =
2

[ %1 } . Recall that the columns of 77 form a basis for the reachable subspace, and recall that

the range of R, is the reachable subspace, so, we want Ra(T}) = Ra(R,). For our matrices,
100 1 0 -1
Rs = [ B AB A’B ] =111 0 0 0 0 |[. So, the reachable subspace is spanned by
1 2 0 -1 0 1
1 0 10
thevectors | 1 | and | 1 |,solet7Ty = | 1 1 |. Now, we complete T" by choosing a 75 that has
1 2 1 2
0
columns that are linearly independent of the columns of T7. In this case, one choice is To = | 0
1
0o 1 1 10
Using this 7', we have that A= | 0 —1 0 and B= | 0 1 |. Verify that A; and By are
0 0 -2 00
reachable.
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