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Week 6

1 Review Problems

Example 1.1. For each of the following claims, state whether true or false
and justify briefly. Assume standard form unless otherwise stated.

(a) N(A) is a subspace.

(b) A rank-deficient matrix always has a nullspace of dimension greater than
Zero.

(c) The system Az = 0 has a nonzero solution if and only if the rows of A
are linearly dependent.

(d) A nonempty polyhedron in standard form can contain at most (:1) ver-
tices, and there are LP instances for which this bound is tight.

(e) Degenerate BFSs result in a standard form system if and only if the
system has redundant constraints.

(f) A BFS for a standard form system is degenerate if and only if multiple
bases correspond to it.

(g) The polyhedron {x € R™ | Az < 0} has either zero or one extreme
point.

(h) The tableau columns corresponding to slack variables are precisely the
columns of B~

(1) There exist multiple optimal solutions if and only if there exists a basis
with some zero nonbasic reduced costs.

(j) Let (xp,xn) be a BEFS and ¢ be its reduced costs. For any other feasible
solution y, the cost difference between x and y is ¢l y .




(k) Regardless of the pivoting rule employed, the simplex method will never
cycle for a problem with one equality constraint.

(1) An algorithm for finding a solution to a set of linear inequalities implies
an algorithm for solving an LP, and vice versa.

(m) The system Az < b is feasible if and only if the rows of A are linearly
independent.

(n) (Modified from [3], ch. 4). A system of linear inequalities is infeasi-
ble if and only if there exists a nonnegative linear combination of the
inequalities which is inconsistent by itself.

(o) Dual degeneracy implies primal non-uniqueness.

(p) If the dual has multiple optimal solutions, then all optimal primal BFSs
are degenerate.

Example 1.2. (Modified from [3], ch. 2).

Consider a standard form tableau at a non-optimal BFS. Suppose that for
the problem we have the constraint 172 < . Let ¢, = ming—y,_,(¢) and
z be the objective value of the current BFS. Prove that z + ac, is a lower
bound to the optimal value of the problem.

Example 1.3. (From [4], ch. 3).

Suppose an LP in standard form has two columns that are proportional
with a positive constant of proportionality. Construct an equivalent LP with
one fewer column.

Example 1.4. [1], exercise 4.19.
Example 1.5. (From [2], ch. 4).
Interpretation of LP dual via relaxed problems. Consider the inequality form
LP
minimize c’'x
subject to Ax < b

with optimal value p*. Suppose that w € R™ satisfies w > 0. If @ is feasible
for the LP, it also satisfies the inequality

w! Az < w’b.
Geometrically, this means that for any w > 0, the halfspace
H,={xzcR"| (ATw) 'z < w'b}

contains the feasible set for the LP. Therefore if we minimize the objective
c’'x over the halfspace H,, we get a lower bound on p*.



(a) Derive an expression for the minimum value of ¢’x over the halfspace
H,, as a function of w > 0.

(b) Now formulate the problem of finding the best such bound, by maximiz-
ing the bound obtained by choice of w > 0.

(c) Relate the result of (b) to the dual of the LP.
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