LECTURE 21
LECTURE OUTLINE

e Fenchel Duality
e Conjugate Convex Functions
e Relation of Primal and Dual Functions

e Fenchel Duality Theorems



FENCHEL DUALITY FRAMEWORK

e Consider the problem

minimize fi(x) — fa(x)
subject to x € X1 N Xo,

where f; and f, are real-valued functions on &,
and X; and X, are subsets of k.

e Assume that f* < oc.

e Convert problem to

minimize fi(y) — f2(2)
subject to z =y, y € Xq, 2z € Xo,

and dualize the constraint z = y:

g\ = _inf {fi(y) — f2(2) + (z —y)'A]

yeXi,ze€Xo
= inf {#/A— fa(2)} — sup {¥'A — fi(y)}
z€Xo ye Xy

= g2(A) — g1(N)



CONJUGATE FUNCTIONS

e The functions gi(\) and g2(\) are called the
conjugate conver and conjugate concave functions
corresponding to the pairs (f1, X1) and ( fa2, X2).

e An equivalent definition of g; is
g1(A) = sup {&’'A - fi(z)},

rER™

where f; is the extended real-valed function

~ ) fAi(e) ifx e Xy,
fl(x)_{oo if x ¢ X;.

e We are led to consider the conjugate convex
function of a general extended real-valued proper
function f : R — (—o0, o0]:

g(\) = sup {2'X — f(x)}, A€ R,

rERMT

e Conjugate concave functions are defined through
conjugate convex functions after appropriate sign
reversals.



VISUALIZATION

g(\) = sup {2'X — f(x)}, A € R

rERMT

inf{f(x) - xXA}=-g(\)
X

(@)

\

Conjugate of
conjugate of f

f(x) = sup {x% - g(A)}



EXAMPLES OF CONJUGATE PAIRS

g(A)steugn{w’A f@)}, fla )Z/\Seugn{w’k—g(k)}

if A =
A 1) = ax- ho(r)= Eolif A #O;
Slope = a
/
pre--t
| :
O/ﬁla X 0 o A
X = (- 0. o0
=
_ _f0 i <1
A f(x) = Ix Agn) = o i Dl
e e
0 X 1 0 1 A
X=(- 00, )
b f(x) = (c/2)x2 hg0) = (172002
e e
0 X 0 A
X = (- o0, )




CONJUGATE OF THE CONJUGATE FUNCTION

e [woO cases to consider:
— fis a closed proper convex function.

— f is a general extended real-valued proper
function.

o We will see that for closed proper convex func-
tions, the conjugacy operation is symmetric, i.e.,
the congugate of f 1s a closed proper conver func-
tion, and the conjugate of the conjugate is f.

e Leadsto a symmetric/dual Fenchel duality theo-
rem for the case where the functions involved are
closed convex/concave.

e The result can be generalized:

— The convex closure of f, is the function that
has as epigraph the closure of the convex
hull if epi(f) [also the smallest closed and
convex set containing epi( f)].

— The epigraph of the convex closure of f is
the intersection of all closed halfspaces of
Rn+1 that contain the epigraph of f.



CONJUGATE FUNCTION THEOREM

o Let f: R" — (—o0, 0| be a function, let f be
its convex closure, let g be its convex conjugate,
and consider the conjugate of g,

~

f(x) = sup {Nz —g(N\)}, r € Rr.
AERT

(a) We have

f(2) > f(z), VaeRrn

(b) If f is convex, then properness of any one of
f, g, and f implies properness of the other
two.

(c) If fis closed proper and convex, then
fz)=f(z), VazeRn

A

(d) If f(z) > —oco forall z € R, then

fz)=f(x), VaeRn



CONJUGACY OF PRIMAL AND DUAL FUNCTIONS

e Consider the problem
minimize f(x)

subjectto = € X, gi(x) <0, j=1,...,r

e We showed in the previous lecture the following
relation between primal and dual functions:

a(p) = inf {p(u) +wup,  Vu=0.

e Thus, (i) = —sup,epr{—1'u — p(u)} or
q(p) = =h(=p),  Vp=0,

where h is the conjugate convex function of p:

h(v) = félgg{y u—p(u)}.



INDICATOR AND SUPPORT FUNCTIONS

e The indicator function of a nonempty set is

[0 ifze X,
5X($)_{oo if x ¢ X.

e The conjugate of 6x, given by

ox(A) = sup Nz,
reX

Is called the support function of X.

e X hasthe same support function as cl(conv(X))
(by the Conjugacy Theorem).

e |f X is closed and convex, ¢x is closed and con-
vex, and by the Conjugacy Theorem the conjugate

of its support function is its indicator function.

e The support function satisfies

ox(al) = aox (M), Va>0,V7V\eRr.

So its epigraph is a cone. Functions with this prop-

erty are called positively homogeneous.



MORE ON SUPPORT FUNCTIONS

e For acone C, we have

{0 if \ € C*,

p— / —
oc(A) = sup N oo otherwise,

xcC
l.e., the support function of a cone is the indicator
function of its polar.

e The support function of a polyhedral set is a
polyhedral function thatis pos. homogeneous. The
conjugate of a pos. homogeneous polyhedral func-
tion is the support function of some polyhedral set.

e A function can be equivalently specified in terms
of its epigraph. As a consequence, we will see
that the conjugate of a function can be specified
in terms of the support function of its epigraph.

e The conjugate of f, can equivalently be written
as g(\) = Sup(x’w)@pi(f){x’)\ — w}, SO
g()\) — O-epi(f)()\a —1), Ve R,

e From this formula, we also obtain that the con-
jugate of a polyhedral function is polyhedral.



