LECTURE 14
LECTURE OUTLINE

e Conical approximations
e Cone of feasible directions
e Tangent and normal cones

e Conditions for optimality
e A basic necessary condition:

— If * minimizes a function f(x) over z € X,
then for every y € R7, o* = 0 minimizes
g(a) = f(x + ay) over the line subset

{a|lx+ay e X}.

e Special cases of this condition (f: differen-
tiable):

— X =Rn: Vf(z*) =0.

— Xisconvex: Vf(z*) (x—x*) >0, Vo € X.

e We will aim for more general conditions.



CONE OF FEASIBLE DIRECTIONS

e Consider a subset X of )t and a vector z € X.

e A vector y € R" is a feasible direction of X at x
if there exists an @ > 0 such that z + ay € X for
all a € [0, @].

e The set of all feasible directions of X at x is
denoted by Fx (x).

e I'x(x) is a cone containing the origin. It need
not be closed or convex.

e If X is convex, Fx(x) consists of the vectors of
the form a(z — ) witha > 0and z € X.

e Easy optimality condition: If x* minimizes a
differentiable function f(x) over x € X, then

Vf(x*)y >0, Vye Fx(z*).

e Difficulty: The condition may be vacuous be-
cause there may be no feasible directions (other
than 0).



TANGENT CONE

e Consider a subset X of )t and a vector z € X.

e Avectory € Rrissaidtobe a tangentof X at x if
either y = 0 or there exists a sequence {z;} C X
such that x; # « for all k£ and

Tk — T Y

lze — | flyll

Lk — I,

e The set of all tangents of X at x is called the
tangent cone of X at x, and is denoted by T'x (z).

Ball of

e yis atangentof X at z iff there exists {z)} C X
with x;, — x, and a positive scalar sequence {ay, }
such that oy, — 0 and (xx — z)/ar — v.



EXAMPLES

(1,2)

e In (a), X is convex: The tangent cone Tx (x) is
equal to the closure of the cone of feas. directions

Fx(a?)

e In (b), X is nonconvex: Tx(z) is closed but
not convex, while F'x (x) consists of just the zero
vector.

e Ingeneral, Fx(z) C Tx(x).
e For X: polyhedral, Fx(z) = Tx (x).



RELATION OF CONES

e Let X be a subset of R" and let «z be a vector
iIn X. The following hold.

(a) T'x(x) is a closed cone.
(b) cl(Fx(z)) C Tx(x).

(c) If X is convex, then Fx(x) and Tx (x) are
convex, and we have

CI(FX (ZE)) = TX (Zl?)

Proof: (a) Let {y.} be a sequence in T'x () that
converges to some y € R». We show that y <

(b) Every feasible direction is atangent, so F'x (z) C
Tx (x). Since by part (a), Tx (z) is closed, the re-
sult follows.

(c) Since X is convex, the set F'x(x) consists of
the vectors of the form a(z — x) with o« > 0 and
z € X. Verify definition of convexity ...



NORMAL CONE

e Consider subset X of ®” and a vector = € X.

e Avector z € R is said to be a normalof X at x
if there exist sequences {zx} C X and {z;} with

Tp — T, 2 — 2, 2k € T'x (xr)*, Vk.

e The set of all normals of X at z is called the
normal cone of X at z and is denoted by Nx (x).

e Example:

e Nx(x) is “usually equal” to the polar T'x (x)*,
but may differ at points of “discontinuity” of T'x (x).



RELATION OF NORMAL AND POLAR CONES

e We have Tx (x)* C Nx(x).

e When Nx(z) = T'x (z)*, we say that X is regular
at x.

e If X is convex, then for all x € X, we have
z € Tx (x)* if and only if 2/(z—z) <0, V7T e X.

Furthermore, X is regular at all z € X. In partic-
ular, we have

Tx(aﬁ)* :Nx($), Tx(a?) :Nx(a?)*.

e Note that convexity of T'x(x) does not imply
regularity it X at .

e Important fact in nonsmooth analysis: If X is
closed and regular at z, then

Tx(w) — Nx(w)*

In particular, Tx (x) is convex.



OPTIMALITY CONDITIONS I

o Let f: K" — R be a smooth function. If z* is a
local minimum of f over a set X C R, then

Vf(xx)y >0, VyéeTx(x*).

Proof: Lety € T'x(z*) with y # 0. Then, there
exist {¢x} C R and {zx} C X such that x; # x*
forall k£, &, — 0, xp, — x*, and

(e — x*)/|lze — 2% = y/llyll + &
By the Mean Value Theorem, we have for all k
flxr) = f(x*) + V(@) (zr — %),

where z Is a vector that lies on the line segment
joining x; and x*. Combining these equations,

flar) = f@*) + (lzk — 2/ [ly )V F (Zr) Y,

where yr. = y + ||y||&. If Vf(z*)'y < 0, since
T, — x* and y, — vy, for sufficiently large k,
Vi@r)yr < 0and f(xx) < f(x*). This con-
tradicts the local optimality of x*.



OPTIMALITY CONDITIONS II

e Let f: R” — R be a convex function. A vector
x* minimizes f over a convex set X if and only if
there exists a subgradient d € 0 f(x*) such that

d'(x—x*) >0, VoelX.

Proof: If forsome d € df(z*) and all z € X, we
have d’'(x — x*) > 0, then, from the definition of a
subgradient we have f(z)— f(x*) > d'(x — x*) for
allz € X. Hence f(x) — f(xz*) > 0forall x € X.

Conversely, suppose that x* minimizes f over
X. Then, x* minimizes f over the closure of X,
and we have

fl(z*;x—x*) = sup d'(z—x*) >0,V e cl(X).
deof(x*)

Therefore,
inf sup d'(x —ax*)=0.

recd(X)N{z|llz—2* |<1} geaf(zr)

Apply the saddle point theorem to conclude that
“infsup=supinf” and that the supremum is attained
by some d € Of(x*).



OPTIMALITY CONDITIONS Il

e Let x* be alocal minimum of a function f : ®» —
R over a subset X of k. Assume that the tangent
cone Tx (x*) is convex, and that f has the form

f(x) = fi(z) + fa(x),

where f; Is convex and fs2 is smooth. Then

—Vifa(z*) € dfr(x*) + Tx (x*)*.

e The convexity assumption on T'x (z*) (which is
implied by regularity) is essential in general.

e Example: Consider the subset of R?2
X = {(5171,332) ‘ L1 = O}.

ThenT'x (0)* = {0}. Take f to be any convex non-
differentiable function for which z* = 0 is a global
minimum over X, but z* = 0 is not an uncon-
strained global minimum. Such a function violates
the necessary condition.



