LECTURE 4
LECTURE OUTLINE

e Review of relative interior
e Algebra of relative interiors and closures
e Continuity of convex functions

e Recession cones
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e Recall: = is a relative interior point of C, if x is
an interior point of C' relative to aff(C')

e Three fundamental properties of ri(C') of a con-
vex set C

— ri(C') is nonempty

— Ifx € ri(C) and 7 € cl(C), then all points on
the line segment connecting x and z, except
possibly z, belong to ri(C')

— Ifx eri(C')andx € C, the line segment con-
necting = and x can be prolonged beyond =«
without leaving C



CLOSURE VS RELATIVE INTERIOR

e Let C' be a nonempty convex set. Then ri(C')
and cl(C') are “not too different for each other.”

e Proposition:
(a) We have cl(C) = cl(xi(C)).
(b) We have ri(C) = ri(cl(C)).

(c) LetC be another nonempty convex set. Then
the following three conditions are equivalent:

(i) C and C have the same rel. interior.
(i) C and C have the same closure.
(i) ri(C) c C C cl(C).

Proof: (a) Since ri(C) C C, we have cl(ri(C)) C
cl(C). Conversely, let x € cl(C). Let z € ri(C).
By the Line Segment Principle, we have ax + (1 —
a)T € ri(C) for all a € (0, 1]. Thus, T is the limit of
a sequence that lies in ri(C), so T € cl(ri(C)).
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ALGEBRA OF CLOSURES AND REL. INTERIORS |

e Let C be a nonempty convex subset of » and
let A be an m x n matrix.

(a) We have A -ri(C) =ri(A - C).

(b) We have A -cl(C) C cl(A-C). Furthermore,
if C'is bounded, then A -cl(C) =cl(A - C).

Proof: (b) We have A-cl(C) C cl(A-C), sinceifa
sequence {z;} C C convergesto some z € cl(C)
then the sequence {Ax;}, which belongsto A-C,
converges to Ax, implying that Ax € cl(A - C).
To show the converse, assuming that C' is
bounded, choose any z € cl(A - C). Then, there
exists a sequence {z;} C C such that Ax; — z.
Since C'is bounded, {z\ } has a subsequence that
converges to some z € cl(C'), and we must have
Ax = z. ltfollows that z € A - cl(C). Q.E.D.

Note that in general, we may have
A-int(C) # int(A - C)

A-cl(C) #cl(A-C)



ALGEBRA OF CLOSURES AND REL. INTERIORS I

e Let (1 and C2 be nonempty convex sets.
(a) If ri(Ch) Nri(C2) # O, then

ri(C1 N Cy) = ri(C1) N1i(Cy),

cl(C1 N Cy) = cl(Cy) N el(Cy).
(b) We have

ri(C1 + C2) = 1i(Ch) 4 1i(C2),

CI(C1) —+ Cl(CQ) C CI(C1 + CQ).

If one of C; and (5 is bounded, then

Cl(Cl) —+ CI(CQ) = Cl(Cl + CQ).



CONTINUITY OF CONVEX FUNCTIONS

e If f:R" — R is convex, then it is continuous.
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Proof: We will show that f is continuous at 0. By
convexity, f is bounded within the unit cube by the
maximum value of f over the corners of the cube.

Consider sequence r; — 0andthe sequences
Y = Tr/||Tk||cos 2 = —xk/||Tk |00 Then

fzr) < (1= llzklloc) £(0) + llznlloo f (yr)

| o 1
F(0) < o SE g () + o S )

Since ||zx|lso — 0, f(x1) — f(0). Q.E.D.

e Extension to continuity over ri(dom(f)).



RECESSION CONE OF A CONVEX SET

e Given a nonempty convex set C, a vector y is
a direction of recession if starting at any x in C
and going indefinitely along y, we never cross the
relative boundary of C' to points outside C

x+ay e C, VeelC, YVa>0
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e Recession cone of C (denoted by R¢): The set
of all directions of recession.

e R is a cone containing the origin.



RECESSION CONE THEOREM

e Let C' be a nonempty closed convex set.

(a) The recession cone R is a closed convex
cone.

(b) A vector y belongs to R¢ if and only if there
exists avector r € C' suchthat x + ay € C
for all o > 0.

(c) Rc contains a nonzero direction if and only
if C'is unbounded.

(d) Therecessionconesof C'andri(C') are equal.

(e) If D is another closed convex set such that
C'ND # O, we have

Ronp = Ro N Rp.
More generally, for any collection of closed
convex sets C;, ¢ € I, where I is an arbitrary

Index set and N;<;C; Is nonempty, we have

Rﬂie_rci — m’LEIRCZ .



PROOF OF PART (B)

e Let y # 0 be such that there exists a vector
xe(Cwithx+ayeCtloralla>0. Wefixxz e C
and a > 0, and we show that x + ay € C. By
scaling y, it is enough to show thatz + y € C.

Llet z. = x+ kyfork =1,2,..., and y, =
(z — @) ||y|l/||zx — Z||. We have

vk e —=z|l y A | T—T

= — + — — —
Iyl llze =2l Iyl Nlze =217 llze =21 llze — 7

so yr — y and ¥ + yr — T + y. Use the convexity
and closedness of C to conclude thatx + y € C.

— 0.



LINEALITY SPACE

e The lineality space of a convex set C', denoted by
Lc, Is the subspace of vectors y such thaty € R¢
and —y € R¢:

Lo = RecN(—Re).

e Decomposition of a Convex Set. Let C' be a
nonempty convex subset of #». Then, for every
subspace S that is contained in the lineality space
Lo, we have

C=5S+(CnSL).




