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E(delay) < Infinity

• Example:  M/M/1 queue

• Example: M/G/1 queue

T =
1

µ − λ
< ∞ ∀ λ < µ ⇒ ρ < 1

T =
1
µ

+
λE[X 2]
2(1− ρ)

< ∞ if (ρ < 1) and (E[X2 ] < ∞)
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P(Delay< Infinity) = 1

• Slightly weaker definition than E[delay] < infinity

• P(delay < infinity) = 1 even if E(delay) = infinity

• Example:

• In general it can be shown that for any G/G/1 queue
– Arrival and service time distributions may even be correlated!

If λ < µ, P(delay < Infinity) = 1 even if E(delay) not finite

f
D

(d ) = 2
π(1+ d2 )

, d > 0

E[Delay] =
2d

π(1+ d2 )0

∞

∫ =
Log[1+ d2 ]

π 0
∞ ⇒ ∞

P[Delay < x] = 2
π(1+ d2 )0

x

∫ = 2arctan(x)
π

→
x→ ∞

1
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Existence of a stationary occupancy 
distribution

• Irreducible and Aperiodic Markov chain

– Pj > 0 for all states j => all states are visited infinitely often

• Drift:

• When in state I, 
Di > 0 => state tends to increase
Di < 0 => state tends to decrease

• Intuitively, we don’t want the state to drift to infinity, hence for large 
enough states the drift better get negative!

• Lemma:  If Di < infinity for all i and for some δ > 0 and i’ > 0,

Di < - δ for all i > i’ , then the Markov chain has a stationary distribution

Di = E Xn+1 − Xn | Xn = i[ ]= kP( i,i+ k )
k =i

∞

∑

Irriducible: all states communicate (I.e., positive probability of getting from every state to every other state)
Periodic state : self transitions are possible only after a number of transitions (n)
that is a multiple of some constant d  (I.e., n = 3, 6, 9, …).  Aperiodic => no state is periodic
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Examples

• M/M/1

• M/M/m

• M/M/Inf

λδ

µδ

i i+1Di = E Xn+1 − Xn | Xn = i[ ]= 1(λδ ) − 1(µδ ) = (λ − µ )δ

Di < 0 ⇒λ < µ

Di = E Xn+1 − Xn | Xn = i[ ]= 1(λδ ) − 1(mµδ ) ∀i ≥ m

Di < 0 ⇒λ < mµ ∀i ≥ m

Di = E Xn+1 − Xn | Xn = i[ ]= 1(λδ ) − 1(iµδ )

Di < 0 ⇒λ < iµ

For any λ < ∞ and 1/ µ <∞ ∃i' s.t.,Di < 0 ∀i > i'

λδ

(ι+1)µδ

i i+1


