MASSACHUSETTS INSTITUTE OF TECHNOLOGY

Fall 2005 6.436J/15.085J
Final exam (3 hours; 100 pts) 12/20/05

All parts can be done independently

Problem 1: (? points)
Let A, B, Ay, As,... be events. Suppose that for each k, we have A, C Apyq,
and that B is independent of Ay. Let A = U2 Ax. Show that B is independent
of A.

Solution:

(Uk>1 Ak) N B = U~ (Ax N B). Furthermore, (A, N B) is an increasing
sequence of events. Using continuity of probability in the first and last equality,
we have

P(ANB) = lim P(4,NB)= lim P(4,)P(B) = P(A)P(B).

Problem 2: (7?7 points)
Let X1, Xs,... be continuous random variables with probability density func-
tions (PDFS) fx,, fxy .-

(a) Suppose that limy_.o fx, () = g(x), for all x € R. Invoke a certain result
on integration to show that ffooo g(x) dzr < 1, and give an example to show
that g need not be a PDF.

(b) Suppose that:
(i) limp—oo fx, () = fx(x), for all z € R, where fx is the PDF of some
random variable X, and
(ii) we have fx,(x) < h(z), for all + € R, where h is a function that
satisfies [*_h(z)dz < co.

Show that X} converges to X, in distribution.



Solution:

(a) limg—oo fx, (x) = g(x), for all x € R. Hence by Fatou lemma,
/g(m)dw < limir]if/ka (x)dz = 1.

Let Xj be the density of a normal random variable with mean k£ and
variance 1. Then fx, () — 0 for all . But g = 0 is not a pdf.

(b) Let Fj, = [*__ fx,(z)dz be the distribution function of X and F be
the distribution function of X. Since fx, (z) — fx(z) for all z and the
density fx, are dominated by an integrable function h, the dominated
convergence theorem yields for all ¢

lilgn Fr(t) = / lim fx, (z)dx = F(t).
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Problem 3: (? points)

The following fact is known, and can be used in this problem: if a sequence of
normal random variables X} converges in distribution to a random variable X,
then X is normal.

Suppose that for every k, the pair (X,Y) has a bivariate normal distribu-
tion. Furthermore, suppose that the sequence X}, converges to X, almost surely.
Show that (X,Y") has a bivariate normal distribution. Hint: Use the “right”
definition of the bivariate normal.

Solution:

For any a,b € R, aXj, +bY =5 aX +bY = aXj +bY L, aX +bY. Since
aXy + bY is a sequence of normal random variables, aX + bY is normal by the
given fact. Hence, (X,Y) has a bivariate normal distribution.



Problem 4: (? points)
Let X1, X2, X3 be independent exponential random variables with mean 1. Let

o= P(Xl > Xo + Xg)
(a) Find «, without calculating any integrals.

(b) Find the probability that the largest of the three random variables X7, X5, X3
is larger than the sum of the other two. [You can express your answer in
terms of the constant « from part (a).]

Solution:

(a) Consider the merging of two independent Poisson processes, both with rate
1. « is the probability that the first two arrivals of the merged Poisson
process are from the, say second process. Since each arrival of the merged
process belongs independently to the second processes with probability
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(b) Let o € {1,2,3} be the (random) index of largest random variable out of

Xl ) X23 X3 .

P(max(Xl,XQ,Xg) > X1 —+ X2 + X3 — max(Xl,XQ,Xg))
:P(X1 > Xy —|—X370' = 1) +P(X2 > X4 +X3,0' = 2) —|—P(X3 > X +X2,0’ = 3)
=3a = 3/4.

Problem 5: (? points)

Fast and slow customers arrive at a 24 hour store according to independent
Poisson processes, each with rate 1 per minute. Fast customers stay in the
bookstore for 1 minute, slow customers stay in the store for 2 minutes.

(a) What is the PMF of the total number of customer arrivals during a one
minute interval?

(b) Find the variance of the number of customers in the store at 3 p.m.
(¢) At 3 p.m., there is only one customer present in the store.

(i) What is the probability, 3, that the customer is a fast one?

(ii) What is the PDF that this customer will depart before a new cus-
tomer arrives? [You may express your answer in terms of the con-
stant 8 from part (i). Also, you may leave your answer as a formula
involving integrals — you do not have to evaluate the integrals.]

Let N; be the number of fast customer arrivals during [0, ¢].



(d)

(e)

Does (N2t — Ny)/t converge in probability, as t — co? With probability
1?7 If yes, to what? Outline a rigorous justification for your answers. You
can start with ¢ integer-valued and then argue for ¢t € R.

Find (approximately) a time k such that
P(N;, > 100) ~ 0.758.

Note that if Z is a standard normal random variable, then P(Z < 0.7) =
0.758. [You do not need to be rigorous in deriving your answer. You may
leave your answer in the form of an equation for k£, which you do not need
to solve numerically.]

Solution:

(a)

(b)

The merged arrival process is Poisson with arrival rate 2/min. Hence, the
desired pmf is Poisson with parameter 2.

Let N, Ny, Ny be respectively the total number of people of any type,
of fast type and of slow type in the store at 3 p.m. Ny and N, are
independent. N is the random number of arrivals of slow customers in
[2: 58,3 : 00] and has pmf Poisson with parameter 2. Similarly, Ny has
pmf Poisson with parameter 1.

var(N) = var(Ns + Ny) = var(Ns) +var(Ny) =2+ 1 =3.

At 3 p.m., there is only one customer present in the store. Denote by S
this event.

(i) Let T be the random type of the last customer to arrive before 3pm.
By Bayes rule,

B =P(S,T = fast)/[P(S,T = fast) + P(S,T = slow)]

The event (S, T = fast) occurs iff the last arrival is a fast customer
and exactly one of those occurred in [2:59,3:00] and no arrival from
slow customers occurred in [2:58,3:00]. Using the (unconditional)
independence of the arrival processes,

) — 1 mi — q —
5’2(2(;‘1)1(_2?225;(—& eg};ilcj)gxi(l/lg). Similarly, P(S,T = slow)
5 . ) .

(ii) Note @ the desired probability. The residual time Z of shopping
for a customer observed at 3pm is uniformly distributed over [0, 2] if
the customer type is slow and over [0, 1] if the customer type is fast.
Given that the residual life is z, the probability that no customer
arrives before the current customer leaves is exp(—2z). Hence,

1 2
Q= ﬁ/o exp(—2z)dz + (1 — 5)/0 eXp(—Qz)%dz_



Let N; be the number of fast customer arrivals during [0, ¢].

(d) (Naz — Ny)/t converge to 1 as t — oo with probability one (a fortiori in
probability). Let X; be the number of arrivals of fast customers in the time
interval [i,7 4+ 1]. X, are iid with Poisson distribution with parameter 1
(mean and variance is 1). For integer-valued ¢, (Ng; —N¢)/t = 1 222:1 X,
which converges to one with probability one by the strong law of large
number. For real-valued t, let n; be the largest integer such that n, <t.

0 < (1¢/t)(Nign, —Ni)/ne < (Nog—=Np) [t < (ng4+1/1)(Nigon, +1—Ni) / (e +1).

By the previous argument, we have that the lower bound and the upper
bound converge to one with probability one.

(e) Let k be an integer. Ny, = Zi:ol X; and X, are iid with mean and variance
1.

k—1 k1
- . _ i Xi/k—1 100/k — 1
PW@IOO)—P(%X@lOO)-P(@ Oﬁ > Vk " )

For large k, the central limit theorem states that P (\/EM > q) ~

V1
P(Z > q).
Hence, P(N; > 100) &~ 0.758 iff P(Z > VEL—) ~ 0.758 ~ P(Z >
—0.7).

k such that 100 — k + 0.7vk = 0 is the answer.

Problem 6: (? points)
A 6-state Markov chain has a transition probability matrix of the following form,
where a * indicates a positive entry.

* X OO OO
* X OO OO
OO OO ¥ ¥
OO DO DO ¥ ¥
O O ¥ ¥ OO
OO * ¥ OO

Let r;;(n) = P(X,, = j | Xo =1).

(a) Does r;;(n) converge as the integer variable n tends to infinity? If yes,
does the limit depend on 27

(b) Does 7;;(3n) converge as the integer variable n tends to infinity? If yes,
does the limit depend on 77



Solution:

(a) The Markov chain has no transient state and a single recurrent class with
period 3. Hence, 7;;(n) does not converge for any 4, j as n — +o0.

(b) 7i;(3n) is the probability of a transition from state i to state j for the
Markov chain with transition probability matrix P3. This Markov chain
has three aperiodic recurrent classes and no transient state. Hence, r;;(n)
has a limit I;; as n goes to infinity but the limit does depend on ¢. For
example, [;; = 0 iff ¢ and j are not in the same recurrent class.



