LECTURE 12

Last time:
Error Exponents
Strong Coding Theorem
Binary Source/ BSC

Lecture outline
Computing the channel capacity.

Blahut-Arimoto Algorithm.
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Review

e Strong Coding Theorem

For R < C, the error probability decays ex-
ponentially with the codeword length n.

e Two different ranges of rate C > R >
Reri and R < Repit.

e Random code is optimal for high data
rate, but not optimal for lower rates.



Maximizing the Mutual Information
e For a given channel Py|X(y|az),

C

= maxI(X;Y)
Px

= max > 2. Px(z)Pyx(ylz)
X zeX yey
Px (z) Py | x (y|z)
Px(z) Xpex Px (@) Py x (y|z')

log

Px(z)

e Recall for symmetric channels, the opti-
mal input distribution is the uniform dis-
tribution.

P x
= max Y 3 Px(2)Py x(yle) Iog( Xy ( |y>>

Px xeX ye)y

e In general, analytical solutions of the op-
timal input distribution is not always avail-
able.

e [ he motivations of numerically comput-
ing the capacity.

e [ he Difficulties, high dimensional non-
linear optimization.



Alternating Optimization

Consider the double supremum

max max f(u1,un)

U1€A1 ur€A»
suppose f is bounded from above and is
continuous and has continuous partial deriva-

tives, A1, A> are convex.

e Suppose now for all u1 € A1, there exists
unique co(uq1) that
f(u1,c2(u1)) = max f(ug,up)
s
and for any us € Ao, there exists unique
cl(ug) that

fle1(ua),uz) = max f(u7,uz)
1



e Now we can find the maximum with an
alternating algorithm.
— Initialize: pick any u{®,

— find u$? = ex(u{®),

— In the kt" step, suppose we have al-
ready computed ugk_”,ug“_l), now we

compute
ugk) = cl(ugk_l))
arg max fuy, ugk_l))
Uy
and
us? = co(ui)
= arg mgxf(ugk),ug)
Us

e T he function value is non-decreasing in
each step, since bounded from above,
the sequence converges.

e Does it necessarily converges to the max-
imum?

e Why this is related to maximizing the
mutual information?



Back to the Channel Capacity

Lemma Fix any input distribution Py, and
channel Py, x. Suppose Px(z) > 0 for any
x. Consider the following maximization prob-
lem

Qx 1y (zly)
ax 2. 2 Px(@)Py x(yle) log ?L’&Ay

where the maximization is taken over all @
such that

Qxy(zly) =0 iff Pyx(ylz) =0
The maximum is obtained at

Px (z) Py x (ylz)
> Px (2') Py x (ylz')
i.e., the maximizing @ is the true transition

distribution from Y to X given the input
Px and the channel Py x.




Proof First check that Q™ satisfies the con-

straint.
Q% y (=ly)
> > Px(2)Pyx(ylz)log ALl
2 Px (x)
— Y Px(@)Py x(ylz) log B
2 Px (x)
) Qv (zly)
— %:%:Px(ZU)PY|X(y|$) log Qx |y (zly)
— ;%:Py(y)Q (X1Y)(z]y) log Qx |y (zly)

> Py D(QxylQx)y)
v
O

'V



How to Use this?

= maxI(X;Y)
Px
QX|Y(95|?J)
= sup max » Px(z)Py x(y|x)log
Px>0@x|y % | Px(z)

To obtain the second equality above, we
need Px(x) > O strictly for any z, while
the optimal input distribution might have
for some z, P (x) = 0.

The continuity of I(X;Y) with respect
to the input.

Now we have a joint optimization of two
variables: Py and Q x|y, to apply the al-
ternative algorithm, need to check:

The space of distributions is convex.

The function is bounded from above.

f(P,Q) <Ip(X;Y) < H(X) <log|X|



Updating Rules

o Given PKk)
Cg(k)
= argmax Y PP (2) Py x (y]z) l0g Cxjy (=ly)
Qxpy &g i P)((k)(w)
PP (@) Py x (i)
o P () Py x (y]2")
e Given Q)
p(k+1)
(k)
QX|y(33|y)
_ P(z)P |
g sup 3 P(o)Pyix (yle) 1og =5 s

the maximization is taken over all the
distributions on X.

Constraints

— pr(aj) =1,

— P(x) > 0 for any =x.



e ignore the positive constraint first, define

J =Y P(z)P(y|z) log Qlaly) AY P(a)
T,y P(x) T
for each z € X, set
0J
° = 9p@)
= ) P(ylz)log Q(x|y)
Yy
— Y P(y|z)[log P(z) + 1] — X
Y
= Y P(yl|z)log Q(zly) — [log P(z) 4+ 1] — X
Y
T herefore,

P(z) = c—(A+1) H Q($|y)P(y|x)
Y

Solve for A and get

[1, Q(z|y) " Wie)

Pl) = 1, Q(a/|y) PW*)




Convergence of the Alternating
Optimization Algorithm

Lemma if f is concave,

F§?,uf?) — £

where f* is the desired maximum value.

e [ hesequenceon the LHS converges, but
IS it possible to converge at some point
with f(uq,up) < f*7

e [or a concave function, local maximum
is global maximum.

Suppose the algorithm converges at u(®) =

(ugoo),ugoo)), this means
0
2 — 0
OU1 |, (c0)
of — 0




This means the derivative of f at u() in
any direction is O.

Suppose there is a u™ for which

Flu®) > f(ul®),

look at f along the direction u* —g(oo) to
get back to the single dimension case —
Contradiction



Apply to the Channel Capacity

Now we only need to check

f(P,Q) =) P(x)Pyx(ylz)log Qlzly)
X,y P(x)

is concave in P and Q.

For each value of (x,vy), let p = P(x) and
q = Q(xly), € [0,1] and T = 1 —r, it is
sufficient to show that

_ rq1 + Tqo
(rp1 + 7p2) l0g —
rp1 + Tpo
< rpplog a + Tpo l0g 42
P1 P2
_ ™1 __Tq
Let a = rp1+7Tp2’ b= rq1+7q2"
LHS — RHS
1—5b

= (rp1 + 7Tp2) alog + (1 —a)log T
= —(rp1 + ’f“pz)D(allb) <0





