LECTURE 3

Last time:
e Mutual Information.
e Convexity and concavity
e Jensen’s inequality
e Information Inequality

e Data processing theorem

Lecture outline
e Fano’'s Inequality
e Stochastic processes, Entropy rate
e Markov chains
e Random walks on graphs

e Hidden Markov models

Reading: Chapter 4.



Quick Review

Mutual Information:

I(X;Y) = H(X)-H(X|Y)

_ . Pxy(z,y)
= 2 Pxy@u)los pre e

D(Px y||Px Py)

Chain Rule of Mutual Information.

I(X1,X0,Y)=1(X1;Y)+ I(X2; Y|X1)

D(p||q) > 0.

Entropy H(X) is concave in Py;
Mutual information I(X;Y) is concave
in Px for fixed Py x, and convex in Py x
for fixed Pyx.

X—->Y ->Z=I1(X;Y)>I(X,;Z2).



Fano’s lemma

Suppose we have r.v.s X and Y, Fano’s
lemma bounds the error we expect when
estimating X from Y

We generate an estimator of X that is X =
g(Y).

Probability of error P. = Pr(X # X)

Indicator function for error E which is O
when X = X and 1 otherwise. Thus, P, =
P(E=1)

Fano's lemma:

H(E) + Pelog(|X| — 1) > H(X|Y)



Proof of Fano’s lemmma

HE,X|Y) = H(X|Y)+ H(E|X,Y)
= H(X|Y)
H(E,X|Y) = H(E|Y)+ H(X|E,Y)
< H(E)+ H(X|E,Y)
= H(E)
+P.H(X|E=1,Y)
+(1 - P)H(X|E=0,Y)
= H(E)+ P.H(X|E=1,Y)
< H(E)+ P.H(X|E =1)
< H(E)+ Pelog(]x| — 1)

Works well (tight) when |X] is large.



Stochastic processes

e A stochastic process is an indexed se-
quence or r.v.s Xg,X1,..., @ map from
2 to X°°.

e A stochastic process is characterized by
the joint PMF:

PXo,Xl,...,Xn (QZ‘O, L1y 7xn) )

(zo,21,...,2n) € X", forn=0,1,...

e [ he entropy of a stochastic process

H(Xq1,Xo,...)
= H(X1)+ H(X5|X1)+...
+H(X] X, .. Xi—1) + ...

Difficulties
e Sum to infinity

e all terms are different in general.



Entropy Rate

The entropy rate of a random process

lim lH(i”)

n—0o0 p,

if it exists

Examples:
e i.i.d. sequence of r.v.s

e i.i.d. blocks of r.v.s

e A stochastic process is stationary if

PXo,Xl,...,Xn ('CEO7 L1y ,mn)
— PXle—I—lr--aXl—l—n (ZIZO, LLy.-- 73377/)
for every shift [ and all (xg,x1,...,zn) €

X",

For stationary processes, the limit exists.



Entropy Rate of Stationary Processes

Chain Rule:

1 1 2

gH(X17X27“-7Xn) — ﬁZH(XZ|X177XZ—1)
=1

The limit on LHS exists iff the individual
terms on the RHS has a limit.

For a stationary process

H(‘Xn—l—l‘X?ll) < H(Xn+1|X3)

= H(Xp|Xx?" 1

T herefore the sequence H(Xn\X?_l) is non-
increasing and non-negative, so limit exists.

Theorem For stationary processes, the en-
tropy rate

1
lim —H(X}) = lim H(Xp|X? 1)
n

n—oo n—aoeo



Markov Chain

e A discrete stochastic process is a Markov
chain if

Px X0y X1 (Tnlzo,s - -+ s Tp—1)
= Px,x,_; @n|lzn-1)
forn =1,2,... and all (zg,x1,...,%n) €
XM,

Xn: state after n transitions
— belongs to a finite set, e.g., {1,...,m}

— Xp Is either given or random



Time Invariant Markov Processes

T he transition probability is time-invariant.

P(Xn—l—l =J| Xn=1)
P(Xp11=7Xn=1, Xy_1,...,X0)

Pi,j

Markov chain is characterized by probability
transition matrix P = [p; ;]

Question: Stationary vs. Time Invariant.

Let r;(n) = P(X, = i), condition on an ini-
tial condition or average over random initial
state,

Key recursion
ritn+1) =) ri(n)pi;
i

or ’'(n+ 1) =7(n)P



Review of Markov chains

e Is there always a solution of # = =P,
which is a probability vector?

e Is that solution unique?

e Starting from any initial state (or ran-
dom), does the state distribution con-
verge to w7

A Markov chain with a single class of re-
current aperiodic states, there is a unique
stationary distribution .

Each row of P™ converges to .

The Entropy Rate of Markov Chain

1
lim ZH(XYP)

n—aoo n

im H(Xn|X_1)

n—oo

—2_mipij 109 p; ;
0]



Random walk on graph

Example: Random walk on a 3 x 3 chess-

board
1123
4156
71389
I S A
pQ,j_ 57 757575757 )

Condition on X,,_1 = 2, observing X, gives
log, 5(bit) information.

Entropy rate 4w 1l0g3 4 41> 1095 4 75109 8

For n x n chessboard with n — oo, entropy
rate approaches log 8.



Random walk on graph

Consider undirected graph ¢ = (N,E, W)
where N, E,VW are the nodes, edges and
weights. With each edge there is an as-
sociated edge W, ;

Wij = Wi
Wi = > Wi,
j

> Wi

1,7:9>1

> Wi
7

|44

2W

We call a random walk the Markov chain in
which the states are the nodes of the graph

Wi j
W;

Pij —

W;
T oW




Random Walk on Graph

Check: >, m =1 and

o = Vi Wi
;W"p’” - EZ.:QW W
2w

W;

oW

Ty

Back to the Example: Random walk on
3 x 3 chessboard, Wi,j — 1 for all connected
1,7, 2W = 40.

3
T = —
1 40
5
T — —,
2 40
3
Ty — —



Random walk on graph

H(X>2|X1)
= —> m Y pi;log(p;;)
( J

— _Z Wi ZWi,j log Wij
T 2W =W, W,

=y Mg g (i
2w W;

=y Mg g (g
— oW oW

Wij Wz)
>~ o
+ X g 0a (o

1,J

W; j W; j W; ( W; )
= — = le) — lO
iz,j: 2W J <2W T Zz: 2W J 2W

Entropy rate is difference of two entropies




Hidden Markov models

Consider an ALOHA wireless model

M users sharing the same radio channel to
transmit packets to a base station

During each time slot, a packet a arrives to
a user’s queue with probability p, indepen-
dently of the other M — 1 users

Also, at the beginning of each time slot, if
a user has at least one packet in its queue,
it will transmit a packet with probability g,
independently of all other users

If two packets collide at the receiver, they
are not successfully transmitted and remain
in their respective queues



Hidden Markov models

Let X; = (n1,np,...,n) denote the ran-
dom vector at time ¢ where ny, is the num-
ber of packets that are in user m's queue.
X; I1s a Markov chain.

Consider the random vector Y; = (y1,y2,---, YA )
where y; = 1 if user ¢ transmits during time

slot + and y; = 0 otherwise

Is Y; Markov?



Hidden Markov processes

Let ..., X1, Xo,... be a stationary Markov
chain and let Y; = ¢(X;) be a process, each
term of which is a function of the corre-
sponding state in the Markov chain

..., Y7,Y>, ... form a hidden Markov chain,
which is not always a Markov chain, but is
still stationary

What is its entropy rate?

We can compute H(Yn|Y1”_1), which mono-
tonically decreases with n.

Need a lower bound to the entropy rate.



Genie Trick

e \Want to construct another sequence by,
which is lower bound of the entropy rate
Iimn_>ooH(Yn|Y1”_1), yet has the same

limit.

e |Lower bound of entropy: give a genie.
Genie information has to be small, but
enough to flip the scale.

e Choose to look at H(Yn|Y1”_1,X1).

Claim

H(Ya|Y{™ 1, X1) < lim H(Ya|Y]™H)

H(Y|Y? 1, X1)

<

H(Y,,
H(Yy,
H(Ys,

Y X, Xoy ey X_p)
1 1 0

Y]r_n 7X—k7Y—k)

yrohy

All the information about the history is cap-

tured in X7.



Hidden Markov processes

Claim

H(Y|Y?™ Y — H(Y YL, X)
= I(X1;Yaly7" ) =0

Indeed,

n .
lim T (X1; Y7 lim_ 2 I(X1; vyt
o0 = 1
= > I(XuYiy{ )

=1

since we have an infinite sum in which the
terms are non-negative and which is upper
bounded by H(X7), the terms must tend
to O



