


2 Section 2. Argumenton n <0
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The region 1 2 [Yq; 1], which also corresponds to ¥, < 0 and ,,, < 0, corresponds to
k? positive, which means k real. Therefore, there is propagation in this band, but not in the
adjacent ones.

It may still not be clear that k is negative, even if we write
q___
k=12Pr; =12 12 2Py~ = on: ©)

A demonstration of the fact that n is negative follows.

2 Argumentonn<Jo

2.1 Complex Poynting theorem

We shall flrst recall the derivation of the complex Poynting theorem and the signiflcation of the
various terms.
We start from Maxwell’s curl equation

ree= ilB; (6a)
reEH =4ilBb +J: (6b)

Upon multiplying Eq. (6a) by H? and substracting the complex conjugate of Eq. (6b) mul-
tuplied by B we get:

HtrE£BiBtrEr’ =rt(B£H)
=iIBtH’ jiIDtE jJI (B
=ilB(H’ jBtR’]jRBII: )

Upon rewriting, we get:
Bt =rt(BER)+il[BIB’ jBtH]: (8)

On the right-hand side of the equation, the flrst terms corresponds to the divergence of
Poyting power, which is therefore positive. The second term relates to the complex EM energy,
and is therefore also positive. Consequently, the left-hand side term must also be positive, and
actually corresponds to the power supplied by J- to the volume.

We shall use this result hereafter.




2.2 1D wave equation
For the sake of simplification, let us work with a 1D problem. The wave equation
r’e(r) + K°B() = §il,.d(1);

is rewritten with

B(r) =2E(X);

I(r) =2jo-(X i Xo);
to yield

@2

T KPE(x) = iil,.jo-(X i Xo):

The solution to this equation is
E(x) = fieldxixd,
where fi needs to be determined. From Eq. (12), we write:

1. First derivative:

@E@)((X) = fiik &JX i Xoj eiKiX i Xoj -
2. Second derivative:
2 2 - . N .
@@EX(ZX) =fiik &JX i Xoj eikiX i Xoj +ﬁ(ik2)(&jx i Xoj)2 eikiX i Xoj

= j fik? e™Xixol + 2jfik—(x § Xo):

Therefore:
0%E(X)
@x2

Comparing Eq. (11) to Eq. (15), we get

+ K?E(x) =2ifik-(x i Xo) = 2ifikon-(X j Xo):

so that flnally the solution is:

_-jO'Onl’ ikjx i Xoj -
E(x) = j—— = e"IXiXd:
00=il0=

If we now compute the power supplied by the current J- to the volume:
z
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The source must, on average, do positive work on the fleld. Yet, in LH regime, we have

,.-r < 0 5o that we must have n < 0 as well.




4 Section 3. Dispersion relations

Finally, we can also write the k& fleld as:
E(x;t) = i 5 Joe'loriality; (19)

Thus, plane waves appear to propagate from j 1 and +1 to the source, seemingly running
backward in time. Yet, the work done on the fleld is positive so clearly the energy propagates
outward from the source.

3 Dispersion relations

At this point, we know that n < 0 and k < 0. The difierence between phase and group velocity
can be directly seen on the dispersion relation diagram.

1
vV~ = k_z y (20a)

Vg = —— : (20b)

t Free-space: k = !pT: where t = cte and ,, = cte.

t Metamaterial:

Let us take the following models

!2
fr=1j ﬁi (21a)
e
e i Yoo
3.1 Losslesscase (¢e= m=0), Imp=1p
We rewrite
1212
Tr: |2 ! (22a)
12 17,
o =77 s g2 (22b)
=1 *mo
(22¢)

and plot the relations with
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3.1 Losslesscase (e = m=0), Imp=1p

Other cases follow.
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