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Problem 1
A

Question: Determine the Z-directed magnetic flux density in the gap of the C-core in terms of
the field current ir, and the parameters of the generator. Make reasonable magnetic circuit
approximations, and ignore the flux density sourced by the armature current.

Solution: From Ampere’s Law,

_ HolNip

B, o)

B
Question: Determine the self-inductance of the field coil in terms of the parameters of the
generator.

Solution:

_ poN2WT

A=NWTB,=Li=L o)

C
Question: The static terminal relation for the armature takes the form
va = Riga +GUip

Determine R and G in terms of the parameters of the generator.

Solution: Apply Faraday’s Law to the armature circuit and assume perfectly conducting wires.

j{E-dcz—i/B-dszo
C dt s

Zero

(=) (+)

/ E,dy + / —Vo-Je=0= E,W =uv,4

(+) -)
——

fluid terminals
Ohm’s Law = J =0(E+v7 x B) = E, = % +vB,

1A
E, = B.
v=opr TV
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Question: Determine the mechanical power that is required to pump the fluid through the
channel in terms of i4,ip,U and the parameters of the generator.

Solution: Force density =

R — . Nigpia .

Jx B =J,B.i = LTD i
Power =

oNW . .
J,B.U -TDW =M ,U = GipiaU
volume

E
Question: The generator is connected such that ir = —iy and vp = v4, in an effort to produce

self-excitation. For what range of U will it exhibit such self-excitation? Ignore any armature
inductance.

Solution:

va = Riqa+GUiRp

dip
Vp = L—

dt
Vp = VA
ip = —1A

Putting everything together,
di
L% — —Rip + GUip

Self excitation implies

GU>R=U
- Z o NT

Problem 2
A

Question: Find the electric field in the fluid, and in the free space region above the fluid, in

terms of (;ASA, (;ASB and QASC.



Final: 2003 6.641, Spring 2005

Solution: In general, £ = —V¢.
— . » cosh(kx) 5 cosh(k(z —A))\ jwi—ks
Frnia = xReal{ g ( ASih(kA) ~ %P snb(ka) )€

X (2 sinh(kx) o sinh(k(z —A))\ ook
+ ZReal { jk <¢Asinh(k‘A) B Sinh(kA) ‘

EFree Space — zReal {kéce_k(x—A)ej(wt—kz)}

+ ZReal {jkq@ce*k(I*A)eg‘(wt—kz)}

B

Question: Using the boundary conditions for an EQS system associated with Gauss’ Law and
an irrotational E field, write three boundary conditions that relate qB A, éB, éc and the surface
charge density ps to each other, and the parameters of the fluid and the excitation.

Solution:
Atz =0:¢g=10
Atx:A:qBA:qBC

o . ~ cosh(kA) . 1
p = eokoc + ek (¢A sinh(kA) ~ 9B sinh(k’A)>

C
Question: Using the boundary condition for charge conservation at + = A, write a fourth
boundary condition that relates ba, éB, éc and ps to each other, and the parameters of the

fluid and the excitation.

Solution:

b 0
( + U) p= O'Efluidm|;p:A

ot 0z
- o cosh(kA) 1
jlw—kU)p = ok <¢A smh(kA) ~ 9P sinh(kﬁ))

D

Question:
QASA, (;BB, ngbc and pg in terms of the parameters of the fluid and the excitation.

Combine the four boundary conditions found in Parts A, B, and C to determine
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Solution: Substitute ¢ = 9 and ¢ = 4.

l A ) ] 2] ]
Jjlw—EkU) %}}SZ)A) ba o | sinh(kA)

A ok cosh(kA cosh(kA —ekd
{ P ] _ 1 [ Wk(A)) k (60 + esinh((m;) ] l Sinh(EA) ]

¢4 U{:i(r:f})ls(};c(z)A) +j(w—kU)k (60 + 672?5&(:3) —j(w—kU) 1 sinh(kA)
g (L+j(w—kU)£)0
¢A = ¢C = . (€0 sinh(kA)+e cosh(kA))

cosh (kA) 4+ j (w — kU) = -

¢p =1

[) _ +€0]€f)

cosh (kJA) +j (w _ kJU) (eo sinh(kA);-e cosh(kA))

E

Question: Find the spatially-averaged stress that acts on the free surface of the fluid to pump

the fluid in the Z direction.

Solution: Use the stress tensor to compute the time and space average surface stress that pumps the fluid.

T= 6OE’ﬂ”Ez’Free Space at z=A B E, Fluid at z=A pEZ z=A

1 10 Ak
<T>Z7t = iReal {jkgbAp }
—2eok?|0]* (w— kU) £

COShQ(kA) + (w _ ]CU)Q (eo sinh(kA):Qe cosh(kA))?

Problem 3
A

Question: For a value of interfacial displacement §(d,t), the electric fields F; and E, in the
elastic dielectric and free space are of the form

By = A(B +d + 8(d, 1))
By = C(D+d+6(d,t))

where A, B,C and D are constants. What are A, B,C, and D?

Solution:

Ey(d+d(d,t)) + Ez(s —d —d(d,t)) = 0 (Short circuit)



Final: 2003 6.641, Spring 2005

05 = €0(By — By) = egBs <1 " (s —d—6(d, t))) €0 Fas

d+6(d,t) ) d+6(d,t)

By =25 (d+6(d,t) = C(D +d +6(d,1) = D =0,C = 2=

€nS €0S
 Ey(s—d-o(dt) o, B ) .
Br= == 5@t s BT AT = ABHd+(d 1) = B=—s A= 0

B
Question: The electric force per unit area on the interface at © = d + §(d,t) takes the form
F,
£ =F+Géd,t
Area +Go(d,?)

where F and G are constants. Using the results of part (a), determine F and G.
Solution:

Tpo( = d+6(dy 1)1 — Tow(w = d+5(d, 1)) = 2 (B2 — E?)

2

- %0 ( s )2 [—52 +2(d+ 8(d,t))s]

Another way:

F, 1
Area §JS(E1 + E»)

_ L, <”S > [d+6(d,t) — s+ (d+d(d,1))]

2 €0S

1 o2
= -5 [2d+26(d,t) —
3 2= Rd+20(d,0) —

= F +Gé(d, 1)

1 02 o
F=-—"(2d—-5s),G=
2608( s); €0S

2
s

C
Question: What is the steady state elastic displacement J,,(z)?
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Solution:
02655
E 92 =0=dss=ax+b
0ss(x=0)=b=0
8688 Fe
= N —E =
at © = d + ds5(d) oo |._, T Area 0
1 /02
—Fa+-—)(2d—s+2ad)=0
2 €S
2 2
["*d_E] _ L <"S > (s — 2d)
€0S 2 €0S

1
T g
€0S
0,2
1 (EO'“S) (s —2d)x
(585(1') =ar =z 24
2 9s — F

Question: Now assume that the system is slightly perturbed so that the elastic displacement
is of the form

d(z,t) = dss(z) + &' (z,t)

Take the general form of ¢'(z,t) to be
8 (x,t) = Re {S(x)ej“t}
and find the spatial dependence for §(z).

Solution:

5z, t) = dss(z) + &' (z,t)
025 5 N
Pw —Ew,é (sc,t) —RG[(S(:L‘)@ }

d(z) = Asin(kx) + B cos(kx)
6(x=0)=0=B = i(z) = Asin(kz)

E

Question: The system natural frequencies take the form

tan(kd) = Hkd, k = wy /%

where H is a constant. What is H?
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Solution:

ox €08

—Ekcos(kd) + 2= sin(kd) = 0

€pS
E(kd)
tan(kd) = o2d eos = H(kd)
o E608
o2

F
Question: At what value of o, is the system first unstable?

Solution: For H > 1, solutions have k and w real = stable.
For H < 1, solutions have k and w imaginary = Unstable

k= jk;
tanh(k:id) = H(kzd)
il

Critical valueof 05 : H =1 = 04 =

Problem 4
A

Question: The switch at z = 0 is open for ¢ < 0 and the voltage source has been connected
to the transmission line for a long time so that all transient waves have died away and the
transmission line voltage and current are in the DC steady state. What are the steady-state
voltage and current on the transmission line for ¢ < 07

Solution:

Vo 2Z0Vo

"TRs+22" T Rs+ 27

B

Question: With the transmission line in the DC steady state of part (a), the switch at z =0 is
closed for all time ¢ > 0. The resulting voltage and current transient waves on the transmission
line can be written as

v(zt) =V (t—g) +V (t—l—z);i(z,t)ZO:VJr (t— z) v (t+%)

What are V. (t — %) and V_ (t + %) at times t =0 and t = c0?
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Solution:
QZOVO ZO
t=0: Vi4+ V. = t=o00: Vi+ Vo =Vy0—
+t Rs + 27 > o °Zo + Rs
VOZO VOZO
Vi-V_= V.-V =22
* Rs + 227 + Rs + Zy
1 Vo(3%) VoZo
Vi=ceor—o Vi=—o—70
2 Rs + 227y Rs + Zy
1 V%
V.= V=0
2 Rs + 227y
C
Question: At z =0, with the switch closed for ¢ > 0, calculate
Vo
V+ z=0
Solution:
v = 0 matched end
VJF z=0
D
Question: At z = —[ for t > 0, the positive z directed wave is of the form
V+|2:,l - A + BV7|Z:71

What are A and B?

Solution: At z = —[:

Yo(Vi —V-)

L W

Vo

V4V

Figure 1: Equivalent circuit at z = —I. (Image by MIT OpenCourseWare.)

~Vo+ YoRs(Vy — V) + V4 +V_ =0
Vi (YoRs +1) + Vo(1 - YoRs) = Vo
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source reflection coefficient

Final: 2003
V.o Vo V_(YoRs — 1)
T 14 YoRs YoRs + 1
_ W V_(Rs — Zo)
14 4= Rs + Zy
= A+ BV_
Vo Rs — Zy
A = 5 = = ]_—‘
1+ &= Rs + Zy S
E
Question:

the figure (see exam).
1,2,3,4,5,6,7,8,97

Solution:
3V 3
V+|t:0 =33 ZVO
1V W
V4ﬁ0:§5"1

Consider the case where Rgs = 0.

At =1,V =VW-V_
3 Vo
Region 1: Vi = —Vp,V_ = —
egion + 1 05 4
3
Region 2: V = EVQ,V_ =0
o Vo3 W
Region 3: V. =Vj il ZVO"L =7
3
Region 4: V} = ZVO’ V_o=0
3
Region 5: V} = ZVO"L =0
Region 6: V. =V, V_ =0
Region 7: V,. =V5,V_ =0
Region 8: VL =V, V_ =
Region 9: V; =V, V_ =0

F
Question: Give a labeled plot

Solution:

l

of v(z = —7,

t) and i(z = —L,t)Z, for time ¢t > 0

The wave trajectories in z — ¢ space demarcate the solution regions as shown in
What are V; and V_ in regions
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W
A
Vo
Bies
V0 F
1 | | | | |
L 2
[ 41 c
=L
i(z= 7 0z,
I3
"
3.,
ZI[} -
Y J
2
1 | 1 1 1
4, 21
c 3

Figure 2: Solution to Part F. A labeled plot of v(z = —%,t) and i(z = —L,¢)Z, for time t > 0 (Image by

MIT OpenCourseWare.)

Problem 5
A

Question: In the long wavelength limit, what is the electric force per unit length on the string

to first order in &(z,t) when &(z,t) < s?

Solution: Using the method of images,
)\2

2meo(2)(s — &(x,1))
)\2

f=\E=

B

Question: For what value of A\ will the string have an equilibrium with ¢(z,t) = 07

10
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Solution:
2

Trees when &(z,t) =0

A = /4rmegsmyg

C

Question: For small signal wave solutions of the form
§(a,t) = Re |€e71k)]

what is the w — k dispersion relation?

Solution:
Pe_ 06 (] e
Mo = oz~ ™ 4megs s

2 2 2
A

o2 mox? | dmeoscm

£(z,t) = Re [éej(wt—kx)}

T A2
= _kzvz +wf;vp =4 /77w3 -
m dmegs‘m

2 _ 12,2 2
w® = kv, —w;

D

Question: Applying the boundary conditions at + = 0 and = = —[, the allowed values of k can
be obtained from the transcendental relationship of the form

tan(kl) = Ckl

where C is a constant. What is C?7

Solution:

&(x,t) = Re {é(z)ej“’t}

2,2
&(z) = Asin(kx) + Beos(kz), k = d :;wc
P

(r=0)=0=R

¢ B B
Tl - K&(z = —1,t) =0
T Ak cos(kl) + KA'sin(kl) = 0
T T
tan(kl) = —?k‘ =Ckl)=C= X

11
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E

Question: If the spring constant is zero, K = 0, what are the solutions for wavenumber £ from
part (d)?

Solution:

K=0=tan(kl)=co=kl=(2n+1)-,n=0,1,2,...

ol 2

F

Question: For the conditions of part (e), what is the maximum string mass per unit length m
that can be stably supported with £(x,t) =07

Solution:

™

(kl)min - 5

For stability w? < (kv,)?2.
A2 w2
4Amegsim < (i) v

A2 2
dmegsipr < (%)

SN

XN

From part (b) S mg =

) 4meps

mg (1)%
s < 21
™\2 T

12
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