HYPERPLANES
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e A hyperplane is a set of the form {z | a’x = b},
where a IS honzero vector in ™ and b is a scalar.

e We say that two sets C; and C; are separated
by a hyperplane H = {x | a’x = b} if each lies in a
different closed halfspace associated with H, i.e.,

either a'z1 <b < a'x2, Vo, € Ch, Vs € Oo,
or a'xzes <b<azxi, V€ Cq, Vo € Ch.
e |f = belongs to the closure of a set (', a hyper-

plane that separates C' and the singleton set {z}
Is said be supporting C at .



VISUALIZATION

e Separating and supporting hyperplanes:

e A separating {z | a’x = b} that is disjoint from
C1 and C is called strictly separating:

a'ry < b< CL’LEQ, Y x1 € 01, VY 2o € (.
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SUPPORTING HYPERPLANE THEOREM

e Let C' be convex and let T be a vector that is
not an interior point of C'. Then, there exists a
hyperplane that passes through = and contains C
In one of its closed halfspaces.

Proof: Take a sequence {z;} that does not be-
long to cl(C') and converges to z. Let Z; be the
projection of z;, on cl(C'). We have forall z € cl(C)

X > a) Tk, VeeclC), VkEk=0,1,...,

where ap — (Cﬁk — xk)/”:fck — :Ek” Le a be a limit
point of {a}, and take limit as k£ — oo.



SEPARATING HYPERPLANE THEOREM

e Let C; and (> be two nonempty convex subsets
of ®~. If C; and C5 are disjoint, there exists a
hyperplane that separates them, i.e., there exists
a vector a # 0 such that

a'r1 < a’'zo, V€ Cq, Vo € Ch.

Proof: Consider the convex set
C={zx|z=x2—21, 21 € C1, 22 € Co}.
Since C; and C> are disjoint, the origin does not
belong to C, so by the Supporting Hyperplane

Theorem, there exists a vector a # 0 such that

0<az, Vel

which is equivalentto to the desiredrelation. Q.E.D.



STRICT SEPARATION THEOREM

o Strict Separation Theorem: Let C; and Cs be
two disjoint nonempty convex sets. If C is closed,
and C- is compact, there exists a hyperplane that
strictly separates them.

P

Co={(E1,50)|E1 >0,Er>0,E4Ep= 1}

/

T~

Cq1={(1,E0)|E1 = 0}

R ..

(@ (b)

Proof: (Outline) Minimize the distance d(z2, C1)
over xo € Cy. Since C2 is compact, and d(-,C1)
Is continuous, there is a solution, denoted 72, by
Weierstrass. Let =1 be the projection of 2 on C;.
The hyperplane {z | a’x = b}, where

a=(T2—71)/2, T = (T1+72)/2, b=a'%,

is strictly separating.



