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Lecture 25

Symmetry and Equilibrium

Last Time

Classification of Equilibrium

Positive Definite Forms

Homogeneous Functions

Gibbs-Duhem Equation

Further Restrictions on Material Properties
The considerations above place restrictions on the properties of stable materials. These ther-
modynamic constraints are independent from, but combine with, any symmetry properties if
the material in question. To remind you what you are probably learning in 3.13, restrictions
on the symmetry of a material follow from Neumann’s principle.

Neumann’s Principle

Any observable symmetry of a physical property of a ma-
terial must include the symmetry elements of the point
group of the material.
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Consider how this couples to the condition of a positive definite Hessian in a thermodynamic
system. In particular, consider a linear elastic material:26

εij = sijklσkl or, equivalently σij = cijklεkl (25-1)

or as a matrix equation




σ1

σ2

σ3

σ4

σ5

σ6




=




σ11

σ22

σ33

σ23

σ31

σ12




=




c11 c12 c13 c14 c15 c16

c12 c22 c23 c24 c25 c26

c13 c23 c33 c34 c35 c36

c14 c24 c34 c44 c45 c46

c15 c25 c35 c45 c55 c56

c16 c26 c36 c46 c56 c66






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


(25-2)

Adding strains to the internal degrees of freedom,

δ(U − T◦S + σ◦ ijεij) > 0 (25-3)

Therefore the second derivative will contain terms such as,

δ(
1

2
cijklεijεkl) > 0 (25-4)

or

1

2
(dε1, dε2, dε3, dε4, dε5, dε6)




c11 c12 c13 c14 c15 c16

c12 c22 c23 c24 c25 c26

c13 c23 c33 c34 c35 c36

c14 c24 c34 c44 c45 c46

c15 c25 c35 c45 c55 c56

c16 c26 c36 c46 c56 c66







dε1
dε2
dε3
dε4
dε5
dε6




> 0 (25-5)

The stiffness matrix that must be positive definite for an isotropic material is:

cisotropic =




(2µ + λ) λ λ 0 0 0
λ (2µ + λ) λ 0 0 0
λ λ (2µ + λ) 0 0 0
0 0 0 µ 0 0
0 0 0 0 µ 0
0 0 0 0 0 µ




(25-6)

26The summation convention is used. Any repeated index is summed over all possible values, i.e., xixi implies
x1x1 + x2x2 + x3x3.










