
18.014 Homework 8 - Solutions

Problem 1.
Using integration by parts with u = x and v = 1

(x2+a2)(n−1) :

In−1 =

∫
dx

(x2 + a2)n−1
=

x

(x2 + a2)(n−1)
+

∫
2(n− 1)x2dx

(x2 + a2)n

=
x

(x2 + a2)(n−1)
+ 2(n− 1)

∫
(x2 + a2)dx

(x2 + a2)n
− 2(n− 1)

∫
a2dx

(x2 + a2)n

=
x

(x2 + a2)(n−1)
+ 2(n− 1)In−1 − 2(n− 1)a2In

⇒ In =
1

2a2(n− 1)

[ x

(x2 + a2)(n−1)
+ (2n− 3)In−1

]

Problem 2.
Using Taylor’s theorem:

sin x = x− x3

3!
+

x5

5!
+ o(x6)

ex2

= 1 + x2 +
x4

2!
+ o(x5)

(sin x)2 = x2 + o(x3)

sin x3 = x3 + o(x4)

Hence:

lim
x→0

sin x− xex2
+ 7x3

6

(sin x)2 sin x3
= lim

x→0

x− x3

6
+ x5

120
− x− x3 − x5

2
+ 7x3

6
+ o(x6)

(x2 + o(x3))(x3 + o(x4))

= lim
x→0

−59x5

120
+ o(x6)

x5 + o(x6)

= lim
x→0

− 59
120

+ o(x)

1 + o(x)

= − 59

120
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Problem 3.
Using Taylor’s theorem:

e
x
a = e0 + e0x

a
+

e0

2

(x

a

)2

+ · · ·

= 1 +
x

a
+

1

2

(x

a

)2

+ o

((x

a

)3
)

√
a + x

a− x
=

a + 0

a− 0
+

(a− 0

a + 0

) 1
2 a

(a− 0)2
x +

1

2

2a(0) + a2

(a− 0)4

(a− 0

a + 0

) 3
2
x2 + · · ·

= 1 +
x

a
+ +

1

2

(x

a

)2

+ o

((x

a

)3
)

So they agree up to terms of order x2

a2 .
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