Lecture XXIX
Mathematical Applications

1 Leibnitz’s Rule

Leibnitz’s Rule : Let f(x,t) be a C! function defined for a < z < b. Then

d b b P
%/a f(x,t)dx:/a fi(z,t)dz, where ft(x,t):%.

. b b
In other words, if we define g(t) = [, f(z,t)dz, then % = [ fi(z,t)dz.
Leibnitz’s rule also works for functions that have more parameters. For

example, we have

d b b
%/ f(xayazat)dx:/ ft(.Z,y,Z,t)dl'.

The rule can be generalized and applied to gradients. Indeed, let f(x,y, z,t) be
a scalar field defined for all @ < ¢ < b and (x,y,2) € D. Then if P is a point in

D, we have that
b b
ﬁp/ fdt:/ Vpfdt.
a A

Let f(z,y, z,t) be a time-dependent mass-density function on a region D. Then,

by Leibnitz’s rule, we have

il o= )]

This means that the rate of change of the mass( the left-hand side of the equality)
equals the integral of the rate of change of density( the right-hand side of the
equality).

2 Formulas in Spherical Coordinates

The following are the formulas for gradient, divergence, and curl in spherical

coordinates.



Let g(p, ¢, 0) be a scalar field and let G(p, ¢,0) = g1(p, ¢, 0)p+g2(p, 0, 0) -+
93(p, @, H)é be a vector field, both in spherical coordinates. We have
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3 The Laplacian

The Laplacian is a differential operator on scalar and vector fields. It is denoted

by V2. For a scalar field f, the Laplacian is defined in the following manner:

- e o*f  0*f ©O3f
Vif=V.-Vf=—-2L 4L =<
f= / 0x2  Oy? 022

For a vector field F = Li + M J+N I%, the operator is defined by

V2F = (V2L)i + (V2M)j + (V2N)k.

Definition 1 A scalar field f is said to be harmonic if it satisfies the equation

ﬁzf =0, called Laplace’s equation.

While for scalar fields we have V2 f= V-V f, for vector fields we can compute
V2F using the formula
V2F =V(V-F) =V x (VF).

Theorem 1 Let ﬁ,é be differentiable vector fields on a simply connected do-
main D. Then VxF =V xG andV-F=V -G if and only if there exists a
harmonic scalar field h such that F—G=Vh.



Theorem 1 can be used to prove the following result.

Theorem 2 (Helmholtz’s Theorem) Let F be differentiable on a simply con-
nected domain D. There exist G and H such that:

(i) G is irrotational and H is divergenceless;

)= Vh for some harmonic scalar field h.
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