Problem Set XI Solutions

1. ¢ 25.2 4efg.
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In the same manner we get
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Hence

divF = L, + My + N, =0



2. § 25.2 5¢,6b.

(5¢)
F=r%= fr)ye, so f(r)=r?
1 1 1
divF = _d(rf) = dr’ =232 =3r
dr rdr 7
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3. §25.3 3.
(a)
F= ZIAC, so divF =1
//ﬁ-d ///ddeV ///1dV—127r
S
(b)
F= —yi+ ], so divF =0
//ﬁ-d&:///dwﬁdvz///owzo
s R R
(c)
H—xz so divF = 322
//F dcr—///ddeV ///3x2dV—
27 27
= 3/ / / cos? 0r3drdfdz = 36/ cos? 0d0 = 367
o Jo Jo 0
4. §25.4 3bde.

(b) We have that divF = 3, so

ﬁﬁ-d&z///dz’vﬁdV:3///1dV:37m2b
S R R

since R is the cylinder of radius a and altitude b, that has volume

wa’b.



(d)

Let Sy be the triangle of vertices (0,0,0), (1,0,0), and (0,0,1). A

representation for S7 is R = zi + zk. Hence % = 4 and % =k,
- _ dR , dR _ _ : — o o
sow = 5% X &% = —j. Since in S1, y = 0, then F' = xi. Hence

F-@ = (xi)-(—j) = 0. So

// F.dd=0
S1

Let Sy be the triangle of vertices (0,0,0), (0,1,0), and (0,0,1). A

representation for Ss is R = yj + zk. Hence 13_1; = j and % = l%,
SO W = ‘3—5 X ‘Z—Ij = . Since in Sy, = 0, then F = yj. Hence

. So
// F.d3=0
Sa

Let S3 be the triangle of vertices (0,0,0), (1,0,0), and (0,1,10. A

representation for S3 is R = zi + yj. Hence % =1 and ‘3—1; =7, SO

w:%x%:fc. Henceﬁ-w=($%+y5)'i€:0' So
/ F.dz=0
S3

Hence

Ql

//Sﬁ-d&: @S F.d

S+S514+S2+8S3

=— / / / divFdV,
R

where R is the region bounded by S, S, S2, and S3, since S is directed

down, corresponding to an inward-directed region.

N 1 11—z l—-y—=z
///dideV:/ / / 2dxdydz =
R o Jo 0

:2/0/01z(l—y—z)dydzzZ/Ol(l—z)Q— (1_2'2)2512:%

Hence
- 1
//F-d&z 1
s 3

Let S7 the top the cylinder and let Ss be the bottom of the cylinder.
Since F is directed parallel to S; and Ss, i fSl F.do = i f52 F.do =

0. Hence
//ﬁ-d&:// F.dé
S S+S1+S2




By the divergence theorem,

// ﬁ-d&:///divﬁdV:///ldV:127r,
S+S51+S2 R R

where R is the cylinder of radius 2 and altitude 3. Hence

//ﬁ-d&zl%
S

5. §25.5 3.

(a)
@S F.dé = F.dé— @S F.dg=—4
8(B.3) 8(4.3) S(4,3)
(b) If S(P,a) contains neither A nor B, then @S(Ra) F.d
contains A but does not contain B, then QSS(P,G) F.dé¢=1.If S(P,a)
contains B but does not contain A, then QSS(P’G) F.dé = —4. If
S(P,a) contains both A and B, then §f (P, a)F -dg = —3.

6. $26.3 lac.
(a)
F=2xi—yj—zk=Li+Mj+ Nk
Ly=L,=M,=M,=N,—N,=0
curl FF = (Ny — M.)i+ (L. — N,)j + (M, — L)k =0
(©)
F=yrit+azzj+oyk=Li+Mj+ Nk
Ly=2,L,=0, M,=2M,=2, N,=y,N,=x
curlF = —yj + (z — x)k
7. $26.3 2ac.
(a)

rotﬁ|ﬁ,p:cdrlﬁ-ﬂ=6-ﬂ20
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8. $26.4 3.

Directly:

curl F' = (2% + 2)i + (=2 — 3)k

r?
2

The surface S can be parametrized by E(r, 0) = rcos 06 + rsinfj + k,

with 0 <r <2and 0 <0 <2x. Then

dR . . . dR \ )
—R:cosﬁi—i—sinﬁj—i—rk, —R:—rsinﬁi—l—rcosﬁj, S0
dr do
o dﬁ dﬁ_ 2 “ 2 . o 7
w = o X 70 r°cos @i+ r“sinfj + rk.

Hence F = (% + 7 cos 0)i + (—é —3)k, so

Lo 2w 2 7'6 7.3
//curlF-doz/ / (——cosf — r3cos’ — — — 3r)drdd =
5 o Jo 4 2
2m

2m
:/ (—20059—400529—2—6)%‘: —167r—4/ cos? 0df = —20m
0 0

By Stokes’s Theorem,
// cu_)rlFﬁ-d&':giﬁﬁ-dﬁ,
S ¢

where C is a the circle of center (0,0,2) and radius 2, and R(6) = 2 cos #i+
2sin0j+2k. Then ‘é—? = —2sin#i+2cosfj and ﬁ(ﬁ) = 6sinfi = 4cosfj+
8 sin 9/%, SO

2
ﬁﬁ-dﬁz/ —12sin% 6 — 8 cos? Hdf =
& 0

271
= 161 — 4/ sin? 8df = —207
0

9. $26.4 6.

(a) Consider the curve C; from (3,0) to (—3,0) with the path E(t) = ti,
with —3 <t < 3. Then %i —jand F = —yi+xj =t for this path.
Hence [, F.dR = f3_3 0dt = 0. Let S be the semicircle of radius 3
bounded by C' and C. Then by Stokes’s theorem:

/ﬁ-dﬁ:j{ ﬁ-dﬁ:—//czfrlﬁ-dﬁ
C Cc+Cq S



The representation for S is B(r,0) = rcos 0i + rsin 0], so @ = ‘% X

% =rk. Also, F= —yi + :cj', so curlF' = 2k. Hence

3 T
/ / curl F - dé = / / curl F - widfdr =
s o Jo
3 T 3
z/ / 2rdfdr = 271'/ rdr = 9,
o Jo 0

/ﬁ-dﬁz—//chlﬁ-dﬁz—Qﬁ
c s

(b) Let Cs be the curve from (0,0) to (—3,0) with the path E(t) = i,
—3 <t <0. Then ”ﬁl—]f =iand F = —yi 4+ j = tj for this path.
Hence [, F-dR = fo_?’ 0dt = 0. Let Cy be the curve from (3,3) to
(0,0) with the path B(t) = ti +1j, 0 < t < 3. Then 4 =i 4 j and
F = —yi+xj = —ti+t] for this path. Hence fc4 F-dR = fBO 0dt = 0.

SO

Hence by Stokes’s theorem,

/ Fodi = ﬁ.dﬁ:_//cmﬁ.da
cl+C2 cl+C2+Cs+C4 S

where S is the surface bounded by Ci,Cs,Cs, and Cy. The repre-
sentation for S is R(z,y) = (3 —y + )i 4+ yJj, with 0 < z < 3 and

0<y<s. Thenw—fgx@—kandsmcecurlF—Zk

//curlF da—/ / F. wdxdy—/ / 2dxdy = 18
Hence
/ :—//chzﬁ-da:—w
C1+C> S

Since F = zj, curlF = k. We divide S into to surfaces Sy and Sp. Sy is

10. §26.5 2.

the top of the cylinder and S5 is the vertical part of the cylinder. Then

//cu?zﬁ-daz///%-d&:// /%-d&+// k-d&
S S Sl S2

For S; a representation is R = rcosbi+rsin 07 + 3k. Then @ = cos 0i +

sinfj and % = —rsinbi 4 rcos ], so @ = ﬂf X @ = rk. Hence

271' 27
//k :// wd@dr—// rdfdr = 4w
S1



For S5 a representation is R =2cosbi + 2sin 07. Hence ‘2—? = —2sin6i +

2cos0j and ”Cll—f =k, so W = ”Cll—? X ‘Z—Ij = 2cos0i + 2sin6;. Hence

. 2 27TA
// k-d&:/ k - wdbdr = 0
S1 0 0
//cu?«zﬁ-d&:// k-d&+// k-dd = 4r
S S1 Sa

The boundary of S is the circle C' of center (0,0,0) and radius 2. A
path for C is R = 2cosbi + 2sin6j. Then ‘2—? = —2sin6i + 2 cosfj with

0<6<2r Also, F = z] = 2cosfj. Hence F. % = 4cos? 6. Then

2T >3 2T
%ﬁ-dé: ﬁ-d—Rdoz/ 4cos? 0df = Ar
C 0 d6‘ 0

This confirms Stokes’s theorem:

//dﬂﬁd&:fﬁ-dé:zm
S C

11. $26.6 2.

(a)

—

F:2xi—y§'—z/%:Li+Mj+NlA€
Ly=L,=M,=M,=N,—N,=0
curlF = (Ny — M,)i + (L. — N.)j + (M, — L)k =0
Hence F is conservative.

(b)
ﬁzx%—!—yz}—yzl%zl%—i—M}—i—NlAc

Ly=L,=0, Mx=0, M,=y, N,=0, N,=z2
curlF = (—z—y)i #0
Hence F is not conservative.

(c)
ﬁzyx%—l—xzj’—l—xy/%zLi—i—M}—l—Nl%

Ly=x,L,=0, M,=2zM,=2, N,=y,Ny==x
curlFF = —yj+ (z —2)k #0

Hence F' is not conservative.



F= y% + 225 + 22k
L,=2y,L,=0, M,=0,M,=2z, N,=2x,N,=0
curlF = —22i — 2x) — 2ylAc £0

Hence F' is not conservative.

12. §26.5 6.

(a)

Let S be a cylinder of basis C; and infinite altitude such that the
axis y is the axis of the cylinder. Then the boundary of S is C;. So
by Stokes’s theorem,

f{ ﬁ.dE://chzﬁ-dﬁzo
Ch S

Let S be a cylinder with C its bottom and Cs its top, such that the
circle 22 + 4% = 1 in the plane z = 0 is exterior to the cylinder. Then

the boundary of S is formed by Cy and Cs. So by Stokes’s theorem,

7{ ﬁ-dﬁ—yf ﬁ-dﬁ://cu?lﬁ-d&:o,
Ca Cs S

so § Fedfi=§ Foai
CQ CS
since Co and C5 have opposite directions.

Imagine a sphere with three holes Cy, C4 and C5. Let the line z enter
the sphere through C5 and exit the sphere through Cs. Let the circle
22 + 9% =1, z = 0 enter the sphere through C, and exit the sphere
through C5. Then the sphere S is the surface we are searching. By

Stokes’s theorem,

?{ﬁ-d}?—j{ ﬁ~dﬁ—j{ ﬁ-dﬁ://czfrlﬁ-d&:(),
Ca Cy Cs S

50 fﬁ.dﬁ: Fodi+ ¢ F.df
Co Cy Cs
since Cy has counterclockwise direction, while Cy and C5 have clock-

wise direction.



(d) Suppose there is a surface S which lies entirely in D and has C1, Cy

and C as its entire boundary. Then

//cu_)rlﬁ-d&::tf F-dR+ ﬁ-dﬁif F-dR=0

S Cl C4 CS

But from (a), we have that fcl F.dR =0, and from the magnetic
field we have that ¢ F-dR = 0. Hence fc4 F-dR = 0, which is false,

since the circulation of F' on C4 is not 0. Hence there is no surface

S that lies entirely in D and C7,Cy and Cj as its entire boundary.



